When to Control Endemic Infections by Focusing on High-Risk Groups

Supporting Online Material
This supporting online material first elaborates on model formulation and analysis and then presents results for analyses where joint effects between the risk factors reduced and background and risk generating factors are additive rather than multiplicative as dealt with in the text.
Model Formulation

To make our analyses more relevant to epidemiologists, we use the endemic incidence of infection as our basic parameter instead of the standard parameters of compartmental transmission models since endemic incidence is the parameter most easily observed in an epidemiological study.  We only examine the endemic equilibrium state in a population of fixed size.  
 Model Variables and Parameters
Primary Model Variables

SH = the fraction of the population at high risk and susceptible.  

At time zero SH(0) is set to H)

SL = the fraction of the population at low risk and susceptible. 

At time zero SL(0) is set to (1-L)

IH = the fraction of the population at high risk and infected 

At time zero IH(0) is set to H
IL = the fraction of the population at low risk and infected 

At time zero IL(0)  is set to (1-L

Derived Model Variables

PH = the prevalence in the high-risk group PH = IH / (IH + SH)
PL = the prevalence in the low-risk group PL = IL / (IL + SL)

H = the incidence in the high-risk group at equilibrium before intervention

L = the incidence in the low-risk group at equilibrium before intervention
Parameters Common to the Primary and Transformed Models

 = the fraction of the population in the high-risk group
 = the mixing parameter defined as the fraction of all contacts made by the high risk mixing group at the opposite mixing site or Ho / (Ho + Hh)

 = the average duration of infection without an intervention affecting duration

Parameters Unique to the Primary Model 

(In the transformed model these parameters are not set but are derived from the other parameters using the formulas text Table 1 for the multiplicative formulation, Appendix table 1 for the additive formulation and appendix table 2)

ij = the transmission probability in the absence of any risk factor from j to i where h and l replace h and j representing high and low risk groups

c = the contact rate of any one person in the population with all others.  This is the same for both high and low groups.
S = an effect on susceptibility generating high risk for the high-risk group

C = an effect on contagiousness generating high risk for the high-risk group

Derived Model Parameters in the Model Formulas Presented
H = the force of infection experienced by high-risk group individuals 

L = the force of infection experienced by low-risk group individuals 

Intervention parameters

Y = the relative amount by which high risk group transmission probabilities get reduced in high risk group focused interventions.  
X = the relative amount by which all transmission probabilities get reduced in multiplicatively formulated unfocused interventions.
Primary Model Equations

The model in the article Figure 1 generates only two independent differential equations since at any value of  (the fraction in the high group), knowing the number of infected in the high or low risk group determines the number of susceptibles in each group.  
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A standard reference for this type of model is Anderson and May1.  The first terms in equations (4)

 for the low group is interpreted similarly.(3)

 for H, the high group force of infection, (everything before the + sign) is the incidence rate of new infection (force of infection) in the high group that is due to contact with others in the high group at the mixing site confined to the high group.  The second term is the incidence from mixing at the opposite mixing site.  The force of infection expression (2)

 are the flows from susceptible to infected in the high and low risk populations respectively.  The second terms are the flows from infected back to susceptible.  The first term in expression (1)

 and 
Size of focused and unfocused intervention effects
For the multiplicative formulation of joint effects between the high risk generating factor, background factors, and intervention effects, the relationships between the level of intervention in each individual for the unfocused intervention and the level of intervention in each individual for the focused intervention was presented in equation 1 in the text.  For the additive formulation of joint effects, the corresponding equation is simpler.  It is simply
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Just as in the multiplicative formulation in the text, the equation is first formulated as the sum of effects in the unfocused intervention on the left hand side of the equation equaling the sum of effects in the focused intervention.  Then the size of the unfocused intervention is solved in terms of the focused intervention.
Solving equations to fix endemic infection levels in the absence of an intervention
We want to examine the effect of mixing on the outcome of interventions given observed endemic incidence values before the intervention.  Therefore, we want the equilibrium incidence (prevalence) to be the same for all values of the mixing parameter in the absence of intervention.  We accomplish this by deriving either S or C (there is only one or the other of these in any model) and the corresponding c parameter determining the effective contact rates in terms of H, L, δ, , α and .  The H and L thus become model parameters.  We set incidence rather than prevalence as parameters since in a causal model structure, contagiousness and susceptibility affect incidence rather than prevalence.  We formulate S or C and c in terms of PL and PH, however, out of convenience.  We transform the H and L into PL and PH using the simple dynamic relationships between incidence and prevalence at equilibrium as follows:
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Dividing by the total numbers in each risk group to put Si and Ii  in terms of Pi and then solving for Pi, we have
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To derive S or C and their corresponding c values in terms of the endemic incidence values and the other parameters, we set the differential equations (2)

 to zero to compute equilibrium (where no change occurs in the fractions of infected or susceptible individuals).  Then each fraction of the population SH, IH, SL, and IL is eliminated by dividing appropriately by total risk group populations and converting to PH, and PL, the equilibrium prevalence in each group. (1)

,
When the intervention affects susceptibility and not contagiousness, then
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and
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When the intervention affects contagiousness and not susceptibility, then 
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and
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Model Analysis Methods
The model was numerically solved using Berkeley Madonna software2.  For finding values just at threshold when assessing how much risk factor reduction was needed to eradicate infection, the “Boundary Values ODE function was used to identify parameter values that gave a stable very small level of infection.

Results Given Additive Joint Effects

The only difference between the additive and multiplicative formulation is that equation (5) in this SOM is used instead of text equation (1).  The joint effects formulation does not alter the focused interventions.  The joint effects between the background risk factors affecting everyone and the high risk generating factors is always assumed to be multiplicative.  The joint effects that are varied between additive and multiplicative are the joint effects of each of these with the risk factors that are reduced.  The additive formulation corresponds to the risk reduction acting in different pathways than the background risk.  This would be especially relevant when examining risk factors affecting contact rates.  For risk factors affecting contagiousness and susceptibility the additive formulation corresponds to affecting different aspects of immunity that have independent effects on the control of infection.  An example might be where the risk generating factors affect systemic immunity and the risk reduction parameters affect local mucosal immunity and either of these could prevent infection.
As seen in the accompanying figure where the numbers correspond to those in text Table 1, in most cases the unfocused infections have an even lower effect in the additive formulation than they do with the multiplicative formulation.  As commented earlier, the joint effects formulation does not affect the focused intervention.  That means that the difference between focused and unfocused interventions presented in text Figure 4 will be even greater and cover a broader range than for the multiplicative formulation.  The one exception is when susceptibility generates high risk and the intervention also affects susceptibility.
Supporting Online Material References
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Supporting Online Material Figure 1
Comparison of population incidence relative reductions for unfocused interventions when the high group intervention total is distributed additively or multiplicatively to the total population (Dotted lines represent multiplicative interventions and solid lines represent additive interventions)
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Berkeley Madonna Code Implementing The Model
METHOD RK4

STARTTIME = 0

STOPTIME=1000

DT = 0.01

tolerance=0.000001

dtout=0.05

{Basic Model Parameters}

D=1 {The baseline duration of infection}

A=.05  {The fraction of the population in the high-risk group}

Xh=0.15  {The equilibrium incidence in the high group in the absence of an intervention.}

Xl=0.03  {The equilibrium incidence in the low group in the absence of an intervention.}

Ph=Xh*D/(1+Xh*D)  {The initial endemic prevalence in the high-risk group}

Pl=Xl*D/(1+Xl*D)   {The initial endemic prevalence in the low-risk group}

m = 0.1 {The fraction of the high risk group's contacts that are made at the opposite mixing site}

{Risk factor reduction parameters}

SCR=1  

{1=Susceptibility reduction; 0 = contagiousness reduction (only one is allowed at a time)}

SCH=1  

{1=Susceptibility high risk generation; 0 = contagiousness high risk generation (only one is allowed at a time)}

FU = 0  

{1=focused, 0=unfocused intervention (only one is allowed at a time)}

AM = 1  

{Additive=1, multiplicative = 0 joint effects of interventions and background factors (only one is allowed at a time)}

FMR=0.05  

{Focused Multiplicative Reduction in transmission probability in the high group from decreased contagiousness or susceptibility.  We use the focused multiplicative reduction as the standard effect and calculate the other effects}

FARS =FMR*Es*SCR*FU*AM 

{Focused Additive Reduction in transmission probability in the high group from decreased Susceptibility.}

UARS = A*FMR*Es*SCR*(1-FU)*AM

{Unfocused Additive Reduction in Susceptibility}

FARC = FMR*Ec*(1-SCR)*FU*AM

{Focused Additive Reduction in transmission probability in the high group from decreased Contagiousness.}

UARC = A*FMR*Ec*(1-SCR)*(1-FU)*AM

{Unfocused Additive Reduction in Contagiousness}

FMRS = FMR*(1-AM)*SCR*FU

{Focused Multiplicative joint effect Reduction in Susceptibility in the high risk group}

FMRC = FMR*(1-AM)*(1-SCR)*FU

{Focused Multiplicative joint effect Reduction in Contagiousness in the high risk group}

UMRS = (1-AM)*SCR*(1-FU)*FMR*A*Es/(1-A+A*Es)

{Unfocused Multiplicative joint effect Reduction in Susceptibility}

UMRC = (1-AM)*(1-SCR)*(1-FU)*FMR*A*Ec/(1-A+A*Ec)

{Unfocused Multiplicative joint effect Reduction in Contagiousness}

{Derived Parameters}

Ec=If SCH=0 then (1/D)/((1-Ph)*(1-m)*cB) - m*Pl/((1-m)*Ph)


else 1

{The relative value of contagiousness in the high risk group divided by the low risk group}

Es= If SCH=1 then (Ph*(1-Pl)*((1-A)*Pl - A*m*(Pl-Ph))) / ((1-Ph)*Pl*(1-A)*((1-m)*Ph + m*Pl))


else 1

 {The relative degree to which susceptibility is increased to generate high risk in the high-risk group}

cB= If SCH=1 then ((Pl*(1-A))/(D*(1-Pl))) / ((1-A)*Pl - A*m*(Pl-Ph))  


else  ((1/D)/(1-Pl))*(1+(A*m*(Pl-Ph))/(Pl*(1-A-m)*(1-Ph)))

{The baseline effective contact rate in both the high and low risk groups.  The first formulation is for when high risk is generated by increased susceptibility and the second for when high risk is generated by increased contagiousness.}

cBhl= m*cB 

{The effective contact rate of susceptible high risk group individuals with infective low group individuals at the opposite site}

cBlh= A*m*cB/(1-A)  

{The effective contact rate of susceptible low risk group individuals with infective high group individuals at the opposite site}

cBll= cB - cBlh  

{The effective contact rate of the low group with other low at the low site}

cBhh= (1-m)*cB

{The effective contact rate of the high group with other high at the high site}

{Differential equations}

Init HS=A*(1 - Ph)

Init HI=A*Ph

Init LS=(1-A)*(1 - Pl)

Init LI=(1-A)*Pl

d/dt(HS)= HI/D 

              - HS*(Es*(1-FMRS)*(1-UMRS)-FARS-UARS)*cBhl*((1-UMRC)-UARC)*LI / (LI+LS) 

              - HS*(Es*(1-FMRS)*(1-UMRS)-FARS-UARS)*(Ec*(1-FMRC)*(1-UMRC)-FARC-UARC)*cBhh*HI / (HI+HS) 

{The first term is recoveries, the second is infections at the opposite mixing site, the third is infections at the high mixing site}

d/dt(HI)= - HI/D 

             + HS*(Es*(1-FMRS)*(1-UMRS)-FARS-UARS)*cBhl*((1-UMRC)-UARC)*LI / (LI+LS) 

             + HS*(Es*(1-FMRS)*(1-UMRS)-FARS-UARS)*(Ec*(1-FMRC)*(1-UMRC)-FARC-UARC)*cBhh*HI / (HI+HS) 

{The first term is recoveries, the second is infections at the opposite mixing site, the third is infections at the high mixing site}

d/dt(LS)= LI/D 

              - LS*(Ec*(1-FMRC)*(1-UMRC)-FARC-UARC)*((1-UMRS)-UARS)*cBlh*HI/(HI+HS) 

              - LS*((1-UMRS)-UARS)*((1-UMRC)-UARC)*cBll*LI/ (LI+LS)

{The first term is recoveries, the second is infections at the opposite mixing site, the third is infections at the low mixing site}

d/dt(LI)= - LI/D

             + LS*(Ec*(1-FMRC)*(1-UMRC)-FARC-UARC)*((1-UMRS)-UARS)*cBlh*HI/(HI+HS) 

             + LS*((1-UMRS)-UARS)*((1-UMRC)-UARC)*cBll*LI/ (LI+LS)

{The first term is recoveries, the second is infections at the opposite mixing site, the third is infections at the low mixing site}

{Derived variables}

PrevH=HI/A

{Prevalence in the high risk group}

IncH = (cBhl*Es*(1-FMRS)*(1-UMRS)*(1-UMRC)-FARS-UARS-UARC)*LI / (LI+LS) + (Es*Ec*cBhh*(1-FMRC)*(1-FMRS)*(1-UMRS)*(1-UMRC)-FARS-FARC-UARS-UARC)*HI / (HI+HS) 

PrevL=LI/(1 - A)

{Prevalence in the low risk group}

IncL = (Ec*cBlh*(1-FMRC)*(1-UMRS)*(1-UMRC)-FARC-UARS-UARC)*HI/(HI+HS) + (cBll*(1-UMRS)*(1-UMRC)-UARS-UARC)*LI/ (LI+LS)

PopSize=HI+HS+LI+LS

RRPI = (A*Xh+(1-A)*Xl-A*IncH-(1-A)*IncL)/(A*IncH+(1-A)*IncL)

{The relative reduction in the population incidence at equilibrium}
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