Models for the relationship between ambient temperature and daily mortality. On-line annex.

Derivation of cross-basis model.

We assume:

a) the dependence of mortality on temperature at each lag can be represented as a sum of “basis” functions of temperature {tb, b=1,B} and coefficients, and 

b) the dependence of those coefficients on lag can be similarly represented (basis {lp, p=1,P}). 
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Re-arranging terms gives:
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Calculation of the 
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is straightforward computationally though not in general further simplifiable algebraically. For example, for the model with 5 df  NCS for the temperature-mortality  curves, 4 df  for the coefficient-lag curves, and maximum lag 27 fitted for illustration, we compute:

1. 5 columns of working data for the basis functions of temperature (“temperature basis variables”)

2. 4 working vectors of length 28 holding the basis functions for lag (“lag basis vectors”).

3. For each working temperature basis variable and lag basis vector we compute a new “cross-basis” variable, hence 5X4=20 new variables. Each day’s value comprises the sum of the products of the values of temperature basis variable for lags 0-27 and the values of the lag basis vector for the same lag. Ie: 
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The cross-basis variables 
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are then used as covariates in the Poisson regression model to obtain estimates 
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 of model coefficients.
Interpretable summaries from the cross-basis model

We can obtain the following interpretable summaries of estimated cross-basis model parameters 
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and their variance-covariance matrix V:

1. A 3D graph of mortality against l and t, expressed relative to mortality at a reference temperature tref. The following expression (from A2 above, dropping the summation over lags and setting tb,i-l to tb) is evaluated for and graphed against a grid of values of l and t:
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(A5)

where tref,b is the value of the  b’th temperature basis function evaluated at t=tref.

2. Graphs of mortality Vs temperature at selected lags, or Vs lag at selected temperatures can be obtained using the same expression, but fixing l or t. Standard errors for 
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, and hence CI for the RR can be obtained from the variance-covariance matrix V of 
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3. A graph of the total impact of temperature on mortality, assuming temperature t is  sustained over all lags considered. We can again use the expression A2, but retain the summation over l, although with tb,i-l set to tb for all l. We thus evaluate, for a grid of values t:
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Useful special cases

Lag-stratified NCS model

We have found this useful in retaining transparency in handling lags but allowing flexibility of the temperature effect given lag. It also provides an illustration of how the general formulation of expression (7) simplifies in some specific models.

Here the cross basis functions are: 
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Where I(p) is the p’th lag interval (stratum) of mp days duration, over which temperature is assumed to be constant (ie  
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), and  days in the p’th lag interval. In other words, to obtain the cross-basis functions we must, for each day:

· evaluate each temperature basis function for the temperature.

· evaluate the mean of each temperature basis function over each lag interval

· multiply by the interval width mp
The last step can be omitted if we wish the coefficients to reflect the cumulative mortality increment for temperature sustained over the interval (eg across lags 0 to 2), rather than the increment for due to temperature on any one of those days (as in Table 2). 

Lag-stratified linear-thresholds model 

This model is particularly simple to interpret and handle. It can be considered outside the cross-basis framework, but it is useful to show it in this context. Here 
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 for cold and heat effects respectively, in lag interval p. Thus for P lag intervals, 2P explanatory variables are created as the mean of daily cold and heat variables over each lag interval times the duration of the interval. Coefficients of these variables (
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 and 
[image: image16.wmf],

Hp

h

) represent cold and heat effects within the chosen lag intervals. As discussed above for the single-lag linear-threshold model, we can omit the mp multipliers when creating the explanatory variables without changing the model other than making the coefficients represent the effects per degree of cold and heat sustained over the lag interval, rather than in just one day of the interval.

Here the overall effect of cold or heat per degree over all L lags, is  
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, or if the mp multipliers were omitted from the calculation of 
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then even more simply  
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Distinction between lag-stratified cross-basis models and models of means in lag strata.

The lag-stratified spline or other non-linear model is equivalent, as we have noted above, to taking means of the temperature basis functions, if these are calculated at each lag, over the lag intervals (eg 0-1 2-6 etc). Several studies11,16 fit splines to mean temperatures over each lag interval (
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 etc). These models are similar but are not identical: the former use means of basis functions of temperature, the latter use basis functions of mean temperatures. The similarity is greatest when the basis functions are close to linear in the temperature range in the lag intervals. 

This distinction can be seen most easily for the linear-thresholds model. Say there is a heat threshold at 25oC, and no cold threshold (ie no effect of temperature below 25oC, for a model for lags 0 and 1. If ti=22 and ti-1=28, then, tH,i=0, tH,i-1=3 with mean “heat” (0+3)/2=1.5. However, 
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, with “heat” of this mean = 0. The two models correspond to different kinds of dependence of mortality on heat.

Choice of reference temperature

The parameters of the linear-thresholds model are directly interpretable (after exponentiating) as relative risk increments per degree, and mortality at any temperature is naturally expressed relative to that at the minimum flat middle section (“thermo-neutral zone”) of the model .  To express natural cubic spline models as relative risks we need to chose a reference temperature (as in expression A5 onwards). In the graphs shown here, we have chosen the reference temperature as that at which the total mortality impact over the maximum lags considered (ie the sum of individual lag components) is minimized.  However, this need not be the minimum at a particular lag. The shape of the graph itself does not depend on the choice, but confidence intervals do change. 

Full specification of confounder model for London analysis

We assume that Yi , mortality count on day i, has mean depending on observed temperature ti and other time-varying factors xk,i, k=1,…,p as follows:
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or 
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      with:

(specific covariates)= 
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· x1-x3:  black smoke lags 0,1, and 2 days

· x4-x6:  weekly reports of influenza lag 0, 1, and 2 weeks

· x7-x9:  relative humidity at lag 0; three NCS basis variables

(smooth function of time)=
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with 

· z1-z2:  basis functions for NCS in date i.

· di =(day-of-year of date i) 
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