eAppendix for "A unification of mediation and interaction: a four-way
decomposition" by Tyler J. VanderWeele

1. Continuous Outcomes and Linear Regression Models
1.1 Continuous Outcome, Continuous Mediator

For Y and M continuous, under assumptions (i)-(iv) and correct specification of the
regression models for Y and M:

E[Yl]a,m,c] = 6o+ 01a+ 0ym + 3am + 0c
E[Mla,c] = B+ Bia+ By,
VanderWeele and Vansteelandt? and VanderWeele3? showed that the average controlled di-

rect effect, the pure indirect effect, and the mediated interaction conditional on covariates
C = c were given by:

E[CDE(m")|c] = (014 6sm*)(a— a”)
E[PIE|c] = (028, + 036,a")(a—a")
E[INTealc] = 036,(a—a")(a—a”).
They also showed that the pure direct effect was given by F[PDFE|c|] = {01+ 05(5,+ 5,a* +

B5¢)Ha — a*). The reference interaction is then given by difference between the the pure
direct effect and the controlled direct effect:

E[INT,c;(m*)|c] = {61+ 05(8y+ B1a* + B5¢)Ha — a*) — (61 + Osm™)(a — a¥)
= 03(By + 10" + Byc —m*)}(a — a”).

Standard errors for these expressions could be derived using the delta method along the lines
of the derivations in VanderWeele and Vansteelandt* or by using bootstrapping.

1.2 Continuous Outcome, Binary Mediator

For Y continuous and M binary, under assumptions (i)-(iv) and correct specification of
the regression models for Y and M:

E[Y|a,m,c] = 6¢+ 01a+ 0ym + Ozam + 0)c
logit{ P(M =1|a,c)} = By+ Bia+ Py

Valeri and VanderWeele!® show that the average controlled direct effect and the average pure
indirect effect are given by:

E[CDE(m")|c] = (014 603m*)(a—a”)
caplBy + Bra+ Byd  eaplBy+ Bia* + By Y
14 exp|By + Bra+ Byl 1+ explBy + Bra* + By

E[PIE|c] = (02+65a"){
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The reference interaction is given by the difference between the pure direct effect and the
controlled direct effect, which were both given by Valeri and VanderWeele'6:

exp|By + Bra* + Byc]
1+ exp[By + B1a* + Bac]
- oo (el p )

E[INTep(m”)|e] = {0i(a—a")} +{f3(a —a’)} — (01 + fsm")(a - a”)

1+ eap[By + Bra= + Bye

The mediated interaction is given by the difference between the total indirect effect and the
pure indirect effect, which were also both given by Valeri and VanderWeele'S:

E[]NT |C] — (0 +9 a){ exp[/80+ﬂ1a+6l20] _ €$p[/80+ﬂ1a,*+ﬁl26] }
med 2N 4 eaplBy + Bra+ Bod] 1+ exp|By + Biat + Bocl
(01 yay{PBo T Brat By caplfotBat + Byd
LU M eap(By + Bra+ Bad) 1+ exp[By + Bra* + Bad]
B ey cxplBo t Bra+ By eaplBy + Bra” + Byd]
= O3(a —a"){

L+ eaplBo+ Bra+ Boc] 1+ explBy + fra* + Bod ™

2. Decomposition on a Ratio Scale and Logistic Regression Models
2.1. Four-way Decomposition on a Ratio Scale
From Proposition 1 in the text we have Y, — Y«
= (Yam» — Yarme +Z ~ Yorm = Yame + Yarme ) L(M,- = m)
+Z o) 1M, =m) = 1(Mye =m)} + Yarrs, — Yarnr,.)-
Taking expectations conditional on C' = ¢ gives: E(Y, — Y,«|c)

- E(Yam*_ a*m*

¢) + Z — — Yo + Yarme )1 (M- = m)|c]

+> El(Yam — a*m){1< a=m>—1<Ma* =m)}c] + E(Yarrs, — Yarus,

c)

= E(Yam —Yorme|) + D E(Yam = Yorm = Yome + Yarr
+ E(Yan ~ Yarm c>{P(Ma=m|c>—P<Ma* =m|e)} + E(Yaert, — Yo,

and dividing by E(Y,-

c).

Under assumption (iv) this is: E(Y,

&) P(My- = mle)

c).

c) gives:

RRT® — 1 = & [RRCPP(m*) — 1] + kRR/ (m*) + kRRNTmed 4 (RRPTE — 1)



where RRIE = g(Ya‘C) o — %, and

E(Yym+|c)
E(Ygem+|c)
RRINT ! (1) = Zm RERI(a*,m*)P(M,. = m|c)

RRINTeet = N" RERI(a®,m*){P(M, = mc) — P(My- = mle)}
E(Yora,|€)

RRCPP(m?*)

RRPIE'
¢ E(Ygn,.|c)
. * * E Yam C E Ya*m C E Yam* C . .
with RERI(a*,m*) = <E(5(/a*ml ‘)C) - E((Ya*m*llc?) - E((Ya*m*||c)) + 1). Under assumptions (i)-
(iii) we also have F(Y,|c) = E(Y|a,c), E(Yam|c) = Z E[Yl|a,m,c]P(mla,c) and thus

and P(M, = m|c) = P(M = mla,c) and thus the right hand side of the equalities
above would be identified from the data. VanderWeele*! also showed that kRRINTmed =

* % ElYau, ElYan, . |c] EYy*ar,lc
“Zm RERI(a*, m*){ P(M, = m|c)—P(M, = m|c)} = (E[}[/a*x |C|]c] - E[Ya:\; 1d E[[YG*ICV,IJ\i]
and called this latter term RE R, cqiated-
Note also under assumption (iv), (RRI’® — 1) can be rewritten as

(RR(J;IE —-1) = (EE(S(;;{/LLC’? a ggi:: 3) - E(chm* c) {EYoa, |¢) = E(Yar|0)}
- E(Y:m* o) Zm{E[Ya*m | = E[Youme [c]H{ P(M, = m|c) — P(Mq+ = m|c)}

= K E¥armle) = m]c) — - =mlc
_ Zm(E(y;*ch) 1) (P(M, = mlc) — P(M,. = mlc)}

E(Yym
/{Zm M{P(Ma = m|c) — P(M, = m|c)}
The proportion attributable to each of the four components is then obtained by simply
dividing each of the four components in the display equation above by their sum as in Table
2. A similar decomposition could likewise be carried out on an additive scale using hazard
ratios.

By similar arguments to those above but applied to Propositions 2 and 4, if assumption
(iv) did not hold but assumptions (i)-(iii) all did hold, we would have that (RRI® — 1)
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decomposed into the product of x and the sum of:

E[Y]a, m*, |
E[Y|a*, m*, |

/RERI(a*,m*)dP(Ma* c)
/{ [Y]a,m, ¢ E[Yl|a*,m,c]  E[Y]a,m* |

RREPE(m*) —1 = —1

_ _ ) Y 1 dP *
E[Y|a*,m*,c] E[Y]a*,m*, | E[Y\a*,m*,c]+} (mla”, c)

/RER[(a*, m*){dP(M,|c) — dP(M,«|c)

[, ElY]a,m,c]  E[Yl|a*,m,] mlo. ¢ o
- /{E[Y|a*,m*,0] E[Y]a*,m*, ]}{dP( la,¢) —dP(mla, )}
Elalepr Ve
/E[Y* *C]{dP<Ma| ) } / Y\a* mec {dP( | ) dP( ‘ ’ )}

2.2 Binary Outcome, Continuous Mediator

Suppose Y were binary and M continuous, that assumptions (i)-(iv) held, that the out-
come is rare, and that the following regressions were correctly specified:

logit(P(Y = 1la,m,c)) = 60+ 601a+ 0am + Ozam + Oc
E[Mla,c] = By+ Bia+ Bse.

with M normally distribution conditional on (A, C) with variance o?. Suppose that the

outcome is rare so that odds ratios approximate risk ratios. VanderWeele and Vansteelandt®
derived expressions for the controlled direct effect, the pure indirect effect, and the pure
direct effect, all on the risk ratio scale. The total effect, controlled direct effect, and pure
indirect effect were given approximately by:

RRI® & explty + 025, + 05(Bo + Bra” + Bra+ Bye + 020" Ha — a”) + 5 L020%(a® — 0]

RRSPE(m*) ~ exp[(61 + 03m*)(a — a*)]
RRI™ &~ exp[(625; + 038,a")(a — a*)]

where the approximations (here and below) hold to the extent that the outcome is rare. We



E(Ya*m* ‘C)

have that R = W

is given by:

E(Ya*m*
E(Y,

c) _ ElY|a*, m*, ]
) Bl mdapmle,o

exp(fo + 01a* + Oom* + O3a*m* + 0)yc)
exp{fo + b1a* + Hﬁlc}/ expq{(0s + O3a*)m}dP(m|a*, c)

Q

exp(fam* + Osa*m*)
exp{ (02 + 03a*)(By + Bra* + fo¢) + 3 (02 + 03a*)%0?}
eQQm*+93a*m*7(92+03a*)(ﬁOJrﬁla*Jrﬁ’Qc)f%(92+93a*)202.

We have /%dP(mlaT,c)

~ /exp(@la + Oym + Osam — 010" — Gym™ — Bsa*m*)dP(mla', )
= exp{fi(a —a*) — Oym* — 93a*m*}/ exp{ (03 + O3a)m}dP(mlal, )

1
= exp{fi(a — a*) — Oym* — Oza*m*} exp{ (s + O3a) (B, + B,a’ + Bye) + 5(02 + 03a)*0”}

— 691(afa*)792m*793a*m*+(6‘2+03a)(30+ﬂ1aT+62) %(92+93a)2 2
The reference interaction is thus given by:

RR.

V.. Viayme  EYle',md  E[Ylam*,d *
= — — 1YdP
(m”) /{ E[Y|a*,m*,c] E[Y|a*,m*,c] E[Y|a*,m*, | + 1}dP(mla’, c)
— (a—a*)—02m* —03a*m*+(02+03a)(By+B1a* +B85c)+ 1 (02+03a)% 0>

_6792m*703a*m*+(92+03a )(Bo+B1a* +,82c)+§(92+03a*)202 . 6(91+03m*)(a7a*) +1

INT,f (

and the component due to the reference interaction K RR. m*) by:

oA01+03(Bo+5ra" +B5c+020%) Ha—a™)+ 50307 (a®~a*?) _ 4
_eel(afa*)+c92m*+03am*7(92+03a*)(30+,81a*+,8’26)f%(92+93a*)202

+€92m*+03a*m* —(024+03a*)(By+B1a*+B5c)— % (f2+03a*)202



The mediated interaction is given by:

E[Y|a*,m*,¢]  E[Y]a*,m* |

EY ElY|a*
R~ [ [[ a;m.c] - EW|a el y ) pinla,¢) - dP(mla®, )
601(a—a*)—@zm*—63a*m*+(92+63a)(Bo—i—ﬁla—i-ﬁ'zc)-l—%(92+93a)202

Q

_6—92m*—93a*m*+(92+03a*)(BO—&—,BIOH—,B’QC)—I—%(92—4—6‘3(1*)202
_601(afa*)fegm*793a*m*+(92+93a)(50+61a*+ﬂéc)+%(92+03a)2a2

_I_e—ﬁgm*—93a*m*+(02+93a*)(BO+61a*+ﬁ'2c)+%(92+93a*)202

and the component due to the mediated interaction k RRINTmed by:

014021 +03(Bo+51a" + 51 atfhe+020%) } (a—a*) + 50307 (a® —a*?)

_ p(0281+03810%) (a—a") __ ,{01+0a(So+Bra”+Bhe+020%) Ha—a)+ 20302 (aP—a"?) | 1.

We also have that the component due to controlled direct effect is:

R [RREPE(m™) 1] = mle@0mileme) -]
601 (a—a*)+0am*+03am™* —(02+03a*)(By+B1a*+B5c)— % (62+035a*)202

_eezm* +03a*m*—(02+03a*)(By+B1a*+B%5c)— % (62+035a*)202

and the component due to the pure indirect effect is:

E(Yaem|c)

PIE _ a
(RR. 1) K;/m,—E()/a*m* J

{e—Ozm* —03a*m*+(02+03a*)(Bg+B1a+85¢)+ % (2+03a*)202

{dP(mla,c) — dP(m|a*,c)}

= K
_efégm*703a*m*+(02+03a*)(ﬁ0+51a*+5'QC)+%(92+93(1*)202}
(0201 +035,a%) (a—a®) _ 1
Standard errors for these various expressions could be derived using the delta method along

the lines of the derivations in the Online Appendix of VanderWeele and Vansteelandt® or by
using bootstrapping.

2.3 Binary Outcome, Binary Mediator

Suppose both Y and M were binary, that assumptions (i)-(iv) held, that the outcome
was rare and that the following regressions were correctly specified:

logit{ P(Y = 1]la,m,c)} = 0o+ b1a+ Oam + O3am + 0c
logit{ P(M = 1|a,c)} = f,+ Bia+ Bye.

Valeri and VanderWeele! show that the average total effect, controlled direct effect and the



average pure indirect effect conditional on C' = ¢ are given approximately by:

exp(01a){1 + exp(B, + B1a* + Boe) H1 + exp(By + Bra + Byc + 02 + 05a)}
exp(610*){1 + exp(By + B1a + By¢) {1 + exp(B, + Bya* + Byc + 0 + 3a*) }
RREPE(m*) ~ exp{(6; + Osm)(a — a*)}
{1 + exp(By + B1a* + By¢) H1 + exp(By + B1a + fye + 02 + O3a*)}
{1+ exp(By + Bra + Bye) {1 + exp(By + B1a* + Bye + 02 + 03a%) }

RRTE

Q

Q

RRPIE

where the approximations (here and below) hold to the extent that the outcome is rare. We

have that x = ZQarm+le) 4

B e 1S given by:

E(Ya*m*
E(Y,

c) _ ElY|a*, m*, ]
) Bl m dapmle,o

exp(fo + 01a* + Oam* + Oza*m* + 0)yc)
exp{6o + b1a* + 926}/ expq{(0a + Os3a*)m}dP(m|a*, c)

Q

exp(fam* + 03a*m™)
1+exp(,80+61a*+B/20+92+03a*)
1+exp(5o+ﬂla*+5l20)
e@gm*—l—@ga*m*{l + 6,80—4-61(1*—4—,8,20}

1 4 eBotBia*+Byc+02+05a*

We also have /Mdp(mhﬂ c)

E[Y|a*,m*c]

Q

/exp(é’la + 0ym + Osam — 010" — Oym* — Bsa*m*)dP(mla’, c)

= exp{fi(a —a*) — Oym* — 93a*m*}/ exp{ (03 + O3a)m}dP(ml|al, )

691(a7a*)792m*793a*m* P
_ (1 + eﬁo"’ﬂﬂl +620+92+93a)

1+ efothrat+he

!
eel(a—a*)—¢92m*—03a*m*(1 + 660+ﬂ1aT+620+02+93a)

1+ eﬁ0+51aT+5;C

The reference interaction is thus given by: RR. " ! (m*)

— — - 1}dP *
Y|a m*,c]  E[Y|a*,m* c] E[Y]a*,m*, | + 1idP(mla’, c)

’
—0am* —03a*m* (1 + eBotBra* +f320+92+93a) 6792m**93a*m*(1 + 6ﬁ0+51a*+520+92+93a*)

/{ [Y|a,m, | E[Y|a*,;m,c]  E[Y]a,m*, ¢

1+ 650+51a +Bzc 1+ 650+51a*+5,20
_6(91+93m*)(a7a*) +1



and the component due to the reference interaction KRR Tre! (m*) by:

eél(a—a*)(l + 660+61a*+6;c+02+03a) )
B 1+ eBo+B1a* +Bc+02+03a" B

/ !
eﬁl(a—a*)+92m*+03am*(1 + 660+51a*+52c) e@gm*+03a*m*(1 + €B0+Bla*+ﬂzc)

1 + eBo+Bra*+Byc+02+03a* 1 + eBotBra*+B5c+02+03a*

The mediated interaction is given by: RRINTmed =

E[Y|a*,m*, c] E[Y|a*,m* |
—a*)—02m*—f3a*m* (1 + eﬂo+ﬂ1a+ﬂ;0+92+93a) 6—92m*—03a*m*(1 + eﬁo+51a+5l20+92+6’3a*)

1 + eBo+Bra+Bse 1 + eBo+Bra+Bse

eal(a—a*)_ﬁzm*_ee,a*m*(l + 650+51a*+ﬂ;c+92+93a) N
1+ 6/30""51‘1*""5/20

/{ FE'[Y|a,m, d _ El¥je’,m.d] HdP(mla,c) — dP(m|a*,c)}
691(a

I
e—sz*—Hga*m*(l + 660-1—,6’1(1*-1—,320—}—02—}—93(1*)

1+ 650+51‘1*+5/20
and the component due to the mediated interaction kRRINTmed by:

e01(a=a") (1 f eBo+fratBactOatlan)(1 | oBothra’+5ac) (1 4 efotBratBactOatlaa®)(] 4 oBo+ra’+5oc)

(1 + 650+61a*+5’2c+92+03a*)(1 + 660+B1a+5l2c) (1 + 6BO+B1a*+BI20+92+93a*)<1 i 630+ﬁ1a+5;c)

691(afa*) (1 4 650+ﬁ1a*+ﬁgc+92+03a)

— : +1
(1 4 ePotBrar+PaetO2+03a")

We also have that the component due to controlled direct effect is:

k [RREPP(m*) — 1] = g[elfrH0sma=a®) _ ]

! !
601(a—a*)+02m*+03am* (1 4 660+61a*+620> e@gm*+03a*m* (1 + eﬁo+ﬂla*+620)

1 + eBo+Bra*+Byc+02+03a* 1 + eBotBra*+B5c+02+03a*

and the component due to the pure indirect effect is:

E(Y;z*m|c) *
f-@/mm{dp(mm,c) _ dP(mla*,c)}

! /
(eezm*an*m*(l + 660+Bla+520+92+93a*) 6792m*793a*m*(1 + 650+,81a*+620+92+93a*)>
K

1 + eBot+Bra+Bse 1 4 eBotBia*+85e

_ {1+ exp(By + Bra” + B50) H1 + exp(By + Bya + Byc + 0o + O3a")} L

{1+ exp(By + B1a + Bye) H1 + exp(By + Bra* + Byc + 02 + O3a%) }

Standard errors for these expressions could be derived using the delta method along the
lines of the derivations in the Online Appendix of Valeri and VanderWeele'® or by using
bootstrapping.



3. SAS Code for the 4-Way Decomposition
3.1. Continuous Outcome, Continuous Mediator

To estimate the components of the 4-way decomposition for the effect of exposure A on a
continuous outcome Y with continuous mediator M under the regression models in Section
1.1, one can use the code below. Suppose we have a dataset named 'mydata’ with outcome
variable y’, exposure variables 'a’ and mediator 'm’ and three covariates ’c1’, c¢2’ and 'c¢3’. If
there were more or fewer covariates the user would have to modify the second, third, fourth,
fifth and tenth lines of the code below to include these covariates.

The user must input in the third line of code the two levels of A (’al="and ’a0=") that
are being compared (these are exposure levels 1 and 0 in the code below but this could be
modified for an ordinal or continuous exposure) and the level of M = m* ("mstar=") at which
to compute the controlled direct effect and the remainder of the decomposition (it is assumed
in the code below that the mediator is fixed to the value M = m* = 0 but this could be
modified). The user must also input in the third line of the code the value of the covariates
C' at which the effects are to be calculated ('cc1=’, 'cc2’ and ’cc3="). Alternatively the mean
value of these covariates in the sample could be inputted on this line as a summary measure.
The code below on line 3 specifies these as 10, 10, and 20 which should be altered according
to the covariate values in the application of interest.

The output will include estimates and confidence intervals for the total effect as well
as the four components of the total effect, i.e. the controlled direct effect, the reference
interaction, the mediated interaction, and the pure indirect effect; the output will also include
estimates and confidence intervals for the proportion of the total effect due to each of the
four components; and estimates and confidence intervals for the overall proportion mediated,
the overall proportion due to interaction, and the overall proportion of the effect that would
be eliminated if the mediator M were fixed to the value m*, specified by the user.

proc nlmixed data=mydata;

parms t0=0 t1=0 t2=0 t3=0 tcl=0 tc2=0 tc3=0 b0=0 bl=0 bcl=0 bc2=0 bc3=0 ss_m=1 ss_y=1;
al=1; a0=0; mstar=0; ccl1=10; cc2=10; cc3=20;

mu_y=t0 + ti1xA + t2+«M + t3*A*M + tcl*Cl + tc2*C2 + tc3*C3;
mu_m =b0 + bl*A + bcl*Cl + bc2*C2 + bc3*C3;

11_y= -((y-mu_y)**2)/(2xss_y)-0.5*1log(ss_y);

11_m= -((m-mu_m)**2)/(2*xss_m)-0.5*1log(ss_m) ;

11_0o= 11_m + 11_y;

model Y “general(ll_o);

bcc = bcl*xccl + bc2*cc2 + bc3*cc3;

cde = (t1 + t3*mstar)*(al-al);

intref = t3*x(b0 + bl*a0 + bcc - mstar)*(al-al);

intmed = t3*bl*(al-al)*(al-a0);

pie = (t2xbl + t3*bil*al)*(al-a0);

te = cde + intref + intmed + pie;

estimate ’Total Effect’ te;

estimate ’CDE’ cde;

estimate ’INTref’ intref;

estimate ’INTmed’ intmed;

estimate ’PIE’ pie;



estimate ’Proportion CDE’ cde/te;

estimate ’Proportion INTref’ intref/te;

estimate ’Proportion INTmed’ intmed/te;

estimate ’Proportion PIE’ pie/te;

estimate ’Overall Proportion Mediated’ (pie+intmed)/te;

estimate ’0Overall Proportion Attributable to Interaction’ (intref+intmed)/te;
estimate ’0Overall Proportion Eliminated’ (intref+intmed+pie)/te;

run;

3.2. Continuous Outcome, Binary Mediator

To estimate the components of the 4-way decomposition for the effect of exposure A on a
continuous outcome Y with binary mediator M under the regression models in Section 1.2,
one can use the code below. The explanation of the code follows that presented in Section
3.1 above.

proc nlmixed data=mydata;

parms t0=0 t1=0 t2=0 t3=0 tcl=0 tc2=0 tc3=0 bO=1 bl=0 bcl=0 bc2=0 bc3=0 ss_y=1;
al=1; a0=0; mstar=0; ccl1=10; cc2=10; cc3=20;

mu_y=t0 + ti1xA + t2+«M + t3*A*M + tclxCl + tc2*C2 + tc3*C3;

p_m=(1+exp(-(b0 + bl*A + bcl*xCl + bc2*C2 + bc3*C3)) ) *x-1;

11_y= -((y-mu_y)**2)/(2xss_y)-0.5*1log(ss_y);

11_m= m*log (p_m)+(1-m)*log(l-p_m);

11_0o= 11_m + 11_y;

model Y “general(ll_o);

bcc = bcl*ccl + bc2*cc2 + bc3*cc3;

cde = (t1 + t3*mstar)*(al-a0);

intref = t3*(al-a0)*(exp(bO+bl*al+bcc)/(1+exp(bO+bl*al+bcc)) - mstar);

intmed = t3*(al-a0)*(exp(bO+bl*al+bcc)/(1+exp(bO+blxal+bee))-exp(bO+blxal+bcc)/ (1+exp (bO+bl*al+bcc)));
pie = (t2 + t3*a0)*(exp(bO+blxal+bce)/ (1+exp(bO+blxal+bee))-exp (b0+bl*ald+bec)/ (1+exp (bO+bl*al+bec))) ;
te = cde + intref + intmed + pie;

estimate ’Total Effect’ te;

estimate ’CDE’ cde;

estimate ’INTref’ intref;

estimate ’INTmed’ intmed;

estimate ’PIE’ pie;

estimate ’Proportion CDE’ cde/te;

estimate ’Proportion INTref’ intref/te;

estimate ’Proportion INTmed’ intmed/te;

estimate ’Proportion PIE’ pie/te;

estimate ’Overall Proportion Mediated’ (pie+intmed)/te;

estimate ’Overall Proportion Attributable to Interaction’ (intref+intmed)/te;
estimate ’0Overall Proportion Eliminated’ (intref+intmed+pie)/te;

run;

3.3. Binary Outcome, Continuous Mediator

To estimate the components of the 4-way decomposition on the ratio scale for the effect of
exposure A on a binary outcome Y with continuous mediator M under the regression models
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in Section 2.2, one can use the code below. Suppose we have a dataset named 'mydata’ with
outcome variable ’y’, exposure variables ’a’ and mediator 'm’ and three covariates 'c1’, ’c2’
and ’c3’. If there were more or fewer covariates the user would have to modify the second,
third, fourth, fifth and tenth lines of the code below to include these covariates.

The user must input in the third line of code the two levels of A (’al="and ’a0=’") that
are being compared (these are exposure levels 1 and 0 in the code below but this could be
modified for an ordinal or continuous exposure) and the level of M = m* ('mstar=") at which
to compute the controlled direct effect and the remainder of the decomposition (it is assumed
in the code below that the mediator is fixed to the value M = m* = 0 but this could be
modified). The user must also input in the third line of the code the value of the covariates
C' at which the effects are to be calculated (’ccl1=’, ’cc2’ and 'cc3="). Alternatively the mean
value of these covariates in the sample could be inputted on this line as a summary measure.
The code below on line 3 specifies these as 58.57, 1.44, and 0.34 which should be altered
according to the covariate values in the application of interest.

The output will include estimates and confidence intervals for the total effect risk ratio,
the excess relative risk (i.e. the relative risk minus 1) as well as the four components of
the excess relative risk, i.e. the excess relative risks due to the controlled direct effect, to
the reference interaction, to the mediated interaction, and to the pure indirect effect; the
output will also include estimates and confidence intervals for the proportion of the excess
relative risk due to each of the four components; and estimates and confidence intervals for
the overall proportion mediated, the overall proportion due to interaction, and the overall
proportion of the effect that would be eliminated if the mediator M were fixed to the value
m*, specified by the user.

proc nlmixed data=mydata;
parms t0=1 t1=0 t2=0 t3=0 tcl1=0 tc2=0 tc3=0 b0=0 b1=0 bc1=0 bc2=0 bc3=0 ss_m=1;
al=1; a0=0; mstar=0; ccl1=58.57; cc2=1.44; cc3=0.34;
p_y=(1+exp(-(t0 + tl1*A + t2+M + t3*xA*M + tcl*Cl + tc2*xC2 + tc3*C3)))**-1;
mu_m =b0 + blxA + bcl*Cl + bc2*C2 + bc3*C3;
11_m= -((m-mu_m)**2)/(2*xss_m)-0.5*1log(ss_m) ;
11_y= yx*log (p_y)+(1-y)*log(l-p_y);
11_o=11_m + 1l_y;
model Y “general(ll_o);
bcc = bclxccl + bc2*xcc2 + bc3*cc3;
CDE_comp = exp( tl*(al-al)+t2*mstar + t3*al*mstar - (t2+t3*a0)*(bO+bl*al+bcc)

- (1/2)*(£2+t3%a0) * (t2+t3*a0) *ss_m )

- exp(t2*mstar + t3*alO*mstar - (t2+t3*a0)*(bO+blxal+bcc) - (1/2)*(t2+t3*a0)* (t2+t3*al0)*ss_m ) ;
INTref_comp = exp((t1+t3*(bO+bl*al+bcc+t2xss_m))*(al-a0d) + (1/2)*t3*t3*ss_m*(al*al-a0*al0)) - (1.0)

-exp(tlx(al-al)+t2*mstar+t3*al*mstar- (t2+t3*a0) * (b0+blxald+bcc) - (1/2)* (t2+t3*a0)* (t2+t3*al) *ss_m)

+exp (t2*mstar+t3*al0*mstar- (t2+t3*a0) * (bO+bl*al+bcc) - (1/2) *x(£t2+t3*a0) * (t2+t3*al) *ss_m) ;
INTmed_comp = exp( (t1+t2xb1l+t3*(bO+bl*al+bl*al+bcc+t2*ss_m))*(al-a0)

+ (1/2)*t3*t3*ss_m* (al*al-a0*a0) )

-exp( (t2+b1+t3*bl*al)*(al-al0) ) -exp( (t1+t3*(bO+bl*al+bcc+t2xss_m ))*(al-al)

+ (1/2)*t3*t3*ss_m* (al*al-a0*al) ) + (1);
PIE_comp = exp( (t2*bl+t3*bl*al)*(al-a0) ) - (1);
terr=cde_comp+intref_comp+intmed_comp+pie_comp;
total = exp((tl + t3*(bO+blxal+bcc + t2*ss_m))*(al-a0)+(1/2)*t3*t3*ss_m*(al*xal-a0d*al))

xexp ((t2*¥b1+t3*bl*al)*(al-a0)) ;

estimate ’Total Effect Risk Ratio’ total;
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estimate ’Total Excess Relative Risk’ total-1;

estimate ’Excess Relative Risk due to CDE’ cde_comp*(total-1)/terr;

estimate ’Excess Relative Risk due to INTref’ intref_comp*(total-1)/terr;
estimate ’Excess Relative Risk due to INTmed’ intmed_comp*(total-1)/terr;
estimate ’Excess Relative Risk due to PIE’ pie_comp*(total-1)/terr;

estimate ’Proportion CDE’ cde_comp/terr;

estimate ’Proportion INTref’ intref_comp/terr;

estimate ’Proportion INTmed’ intmed_comp/terr;

estimate ’Proportion PIE’ pie_comp/terr;

estimate ’Overall Proportion Mediated’ (pie_comp+intmed_comp)/terr;

estimate ’0Overall Proportion Attributable to Interaction’ (intref_comp+intmed_comp)/terr;
estimate ’0Overall Proportion Eliminated’ (intref_comp+intmed_comp+pie_comp)/terr;
run;

The code given above is applicable to cohort data. For case-control studies in which
sampling is done on the outcome Y, if the outcome is rare, then the code above can be
adapted by fitting the mediator regression only among the controls. This can be done by
replacing the sixth line of code by: I m= -(((m-mu_m)**2)/(2*ss_m)-0.5*log(ss_m))*(1-
y);

3.4. Binary Outcome, Binary Mediator

To estimate the components of the 4-way decomposition for the effect of exposure A on a
binary outcome Y with binary mediator M under the regression models in Section 2.3, one
can use the code below. The explanation of the code follows that presented in Section 3.3
above.

proc nlmixed data=mydata;
parms t0=1 t1=0 t2=0 t3=0 tcl=0 tc2=0 tc3=0 b0=0 b1=0 bc1=0 bc2=0 bc3=0;
al=1; a0=0; mstar=0; ccl1=58.57; cc2=1.44; cc3=0.34;
p_y=(1+exp(-(t0 + t1*A + t24«M + t3*xA*M + tcl*Cl + tc2*xC2 + tc3*C3)))**-1;
p_m =(1+exp(-(b0 + bl*A + bcl*Cl + bc2*C2 + bc3*C3)))**-1;
11_y= y*log (p_y)+(1-y)*log(l-p_y);
11_m= m*xlog (p_m)+(1-m)*log(l-p_m);
11 0= 11_m + 11_y;
model Y “general(ll_o);
bcc = bclxccl + bc2*xcc2 + bc3*cc3;
CDE_comp = exp(tl*(al-a0)+t2*mstar+t3*al*mstar)*(1+exp(bO+bl*al+bcc))/ (1+exp (bO+bl*al+bcc+t2+t3*al))
- exp(t2*mstar+t3*al0*mstar) * (1+exp (bO+bl*alO+bcc) )/ (1+exp (bO+blxa0+bcc+t2+t3*a0)) ;
INTref_comp = exp(tl*(al-a0))*(1l+exp(bO+bl*al+bcc+t2+t3*al))/(1+exp(bO+bl*al+bcc+t2+t3*a0)) - (1)
-exp(tlx(al-a0)+t2*mstar+t3*al*mstar) * (1+exp (bO+bl*al+bcc))
/ (1+exp (bO+bl*al+bcc+t2+t3*al))
+ exp(t2*mstar+t3*a0*mstar) * (1+exp (bO+bl*al+bcc) )/ (1+exp (bO+bl*al+bcc+t2+t3*a0)) ;
INTmed_comp = exp(tilx*(al-a0))*(1+exp(bO+bl*al+bcc+t2+t3*al))* (1+exp(bO+bl*al+bcce))
/ ( (1+exp(bO+bl*al0+bcc+t2+t3*a0) ) * (1+exp (bO+bl*al+bec)) )
- (1+exp(bO+bl*al+bcc+t2+t3*al) ) * (1+exp(bO+bl*al+bcc)) / ( (l+exp(bO+bl*al+bcc+t2+t3*al))
*(1+exp(bO+bl*al+bcc)) )
- exp(ti1*x(al-a0))*(1+exp(bO+bl*al0+bcc+t2+t3*al))/(1+exp(bO+bl*al+bcc+t2+t3*al)) + (1);
PIE_comp = (1+exp(bO+bl*al+bcc))*(1+exp(bO+bl*al+bcec+t2+t3*a0)) / ( (1 + exp(bO+bl*xal+bece))
* (1+exp (bO+bl*al+bcc+t2+t3*al)) ) -(1);
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terr=cde_comp+intref_comp+intmed_comp+pie_comp;
total = exp(tlx*al)*(1l+exp(bO+bl*al+bcc))*(1+exp(bO+bl*al+bcc+t2+t3*al))

/ (C exp(t1lxa0)*(1 + exp(bO+blxal+bcc))*(1+exp(bO+bl*xal+bcc+t2+t3*al)) );
estimate ’Total Effect Risk Ratio’ total;
estimate ’Total Excess Relative Risk’ total-1;
estimate ’Excess Relative Risk due to CDE’ cde_comp*(total-1)/terr;
estimate ’Excess Relative Risk due to INTref’ intref_comp*(total-1)/terr;
estimate ’Excess Relative Risk due to INTmed’ intmed_comp*(total-1)/terr;
estimate ’Excess Relative Risk due to PIE’ pie_comp*(total-1)/terr;
estimate ’Proportion CDE’ cde_comp/terr;
estimate ’Proportion INTref’ intref_comp/terr;
estimate ’Proportion INTmed’ intmed_comp/terr;
estimate ’Proportion PIE’ pie_comp/terr;
estimate ’Overall Proportion Mediated’ (pie_comp+intmed_comp)/terr;
estimate ’Overall Proportion Attributable to Interaction’ (intref_comp+intmed_comp)/terr;
estimate ’Overall Proportion Eliminated’ (intref_comp+intmed_comp+pie_comp)/terr;
run;

The code given above is applicable to cohort data. For case-control studies in which
sampling is done on the outcome Y, if the outcome is rare, then the code above can be
adapted by fitting the mediator regression only among the controls. This can be done by
replacing the sixth line of code by: I m= (m*log (p_m)+(1-m)*log(1-p_m))*(1-y);

Decomposition in the Presence of an Exposure-Induced Mediator-Outcome Con-
founder

Consider a setting in which there is a variable L that is affected by exposure A and in turn
affects both M and Y as in Figure 4. Although several of the components of the four-way
decomposition are not identified in this setting, alternative effects which randomly set M to
a value chosen from the distribution of a particular exposure level can be identified. The
discussion here will give a randomized interventional interpretation to Proposition 4 in the
text and extend that result to settings such as Figure 4 in which there is a mediator-outcome
confounder affected by the exposure.

Let Gy, denote a random draw from the distribution of the mediator amongst those
with exposure status a conditional on C' = ¢. Let a and a* be two values of the expo-
sure e.g. for binary exposure we may have a = 1 and ¢* = 0. As in VanderWeele3,
the effect E(Yuq, |c) — E(Yag,.|c) is then the effect on the outcome of randomly assign-
ing an individual who is given the exposure to a value of the mediator from the distri-
bution of the mediator amongst those given exposure versus no exposure, conditional on
covariates; this is a randomized interventional analogue of the pure indirect effect. Next
consider the effect E(Yyq,. . |c) — E(Yaq,. [c); this is a direct effect comparing exposure
versus no exposure with the mediator in both cases randomly drawn from the distrib-
ution of the population when given the absence of exposure, conditional on covariates;
this is a randomized interventional analogue of the pure direct effect. Finally, the effect
E(Yac,.l¢) = E(YarG,..|c) compares the expected outcome when having the exposure with
the mediator randomly drawn from the distribution of the population when given the ex-
posure, conditional on covariates to the expected outcome when not having the exposure
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with the mediator randomly drawn from the distribution of the population when not ex-
posed, conditional on covariates. With effects thus defined we have the decomposition:
E(Yag,.lc) = EYag,u l0) = {E(Yag,.l0) = E(Yag,- . |0)} + {E(Yag,..|c) = E(Yarg,. . |c)}
so that the total effect decomposes into the sum of the effect through the mediator and
the direct effect. These effects arise from randomly choosing for each individual a value of
the mediator from the distribution of the mediator amongst all of those with a particular
exposure.
We might further decompose this as follows:

E(YaGa|c

¢) = E(YarGo).

C) = {E(YaGa*|c c) - E(}/;l*Ga*\c
H{EYag,,|0) — E(Yara

o)t +{EYeq,,
)} — {E(Y;lGaﬂc

¢) = E(YarGon,.
C) — E(Ya*Ga*lc

¢)}
c)}]

where the first term in the decomposition is the randomized intervention analogue of the
pure direct effect, the second is the randomized intervention analogue of the pure indirect
effect, and the third is the difference between the randomized intervention analogue of the
total direct effect and the pure direct effect. As shown in VanderWeele3* this third term has
the interpretation of an interaction. We have that:

alc

{E(Yag, . l¢) = EYaa,.l0)} = {E(Yac,..|¢) = E(Yarc,..0)}
= Y Elan —You|Goe = M, dP(Goe = mle) = Y ElYam — Yorm|Garle = m, ] P(Gorjc = me)
= Y Elfan —YeuldP(My=mle) =Y ElYam — Yoru| ] P(Mo = mlc)
— Zm EYam = Yaem — Yame + Yaere | {P(M, = m|c) — P(My- = mlc)}

where m* is an arbitrary value of M. We have the three-way decomposition given in
VanderWeele.?* Moreover, for the analogue of the pure direct effect we have: {E(Y,q,.,.|c) —

E(Ya*Ga*|c C)}
== E(Yam* — Ya*m*
== E(Yam* - Ya*m*

*|e

C) - {E<Y“Ga*\c C) - E(YZL*Ga*\c'C) - E<Yam* — Yoo C)}
C) + Z E[Y;lm - Y:l*m’GllﬂC =m, C]P(Ga*|c - m|C) — E(Yam* — Y, e
)+ ElVan — Yo = Yame + Yore

c)
- E(Yam* - Ya*m*

c|P(My+ = mjc)

i.e. the analogue of the pure direct effect is the sum of a controlled direct effect and the
reference interaction term, Z EYom —Yarm — Yams + Yarmr || P(My« = mlc). We thus have
a randomized interventional aﬁnalogue of the four way decomposition.

To identify these effects the following conditions suffice: Assumptions (i) Ya., 1L A|C and
(iii) M, 1L A|C above, that conditional on C' there is no unmeasured exposure-outcome or
exposure-mediator confounding, along with an assumption (ii*) that Y, 1. M|{A,C, L},
i.e. that conditional on (A, C, L), there is no unmeasured confounding of the mediator-
outcome relationship. These three assumptions would hold in the causal diagram in Figure
4. Under the three assumptions, each of these component are identified from data and it
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follows from the g-formula®® that:

E(Y;zm* - }/a*m*

¢) = ZI{E[Y|a,l,m*,c]P(l|a,c)—E[Y|a*,l,m*,c]P(l|a*,c)}

E(Y;*Ga‘c\c) — E(Ya*Ga*|C c) = ZlmE[Y]a*,l,m,c]P(l|a*,c){P(m]a,C) — P(mla™,c)}

> EYam = Yarm = Yame + Yarme [d{P(My = m|c) — P(M+ = m]c)}
= Zl {E[Y|a7 lv m, C]P(”CL7 C) - E[Yla*7 l7 m, C]P(”CL*, c)}{P(m|a, C) - P(m\a*, C>}
and
> ElYam = Yarm — Yame + Yarme | c{ P(Mar = m|c)}

= Zz {E[Yla,l,m,c]P(lla,c) — E[Y|a*,l,m,c|P(l|a*, c) — E[Y]|a,l,m", ¢|P(l|a, c)
+E[Y|a*,l,m", c|]P(l|a*, c) } P(m]a™, ¢).

Thus a randomized interventional analogue of the four-way decomposition holds and its com-
ponents can be identified under assumptions (i), (ii*) and (iii). When Figure 3 is in fact the
underlying causal diagram so the L can be chosen to be empty then assumption (ii*) simply
becomes assumption (ii) in the text. And the identification results here simply reduce to
those of Proposition 4 in the text. As in Proposition 4 in the text, the randomized inter-
ventional interpretation does not require the more controversial cross-world independence
assumption, assumption (iv).
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