Online Supplement
This online Supplement Includes

. eAppendix 2, with 1) Sketch of proof for main result; 2) Notation and Definitions; 3) The
Main Theorem and proof; 4) Other Standard Populations; 5) Lower Bound; 6) Supporting
theorems (statement only).

Il. eAppendix 3, with statement and proofs of all supporting Theorems, Propositions and
Lemmas.

1. eAppendix 4. Simulation Experiment to Evaluate Bias, compare Bounds and the R code for

simulations
V. eAppendix 5. Comparison of Bd with a bound assuming homogeneity.
V. eAppendix 6. R code to calculate bias (implements Equation 3), and bounds.
I. eAppendix 2:

eAppendix 2 contains: 1) a sketch of the main ideas of our proof that Bd in expression (3) bounds the
bias; 2) key definitions and notation; 3) the main Theorem and its proof; and 4) a statement of Theorems

1-3 used to prove it. Proofs of Theorems 1-3 and the Propositions are in eAppendix 3.

1) Sketch of proof for main result:

The main ideas of our proof that Bd (expression 3, main text) bounds the bias are as follows. We
characterize the strength of association between the variables E,V, C, N, D whose effects create the
collider bias using three limits Rz, R, and R. Using By, t0 denote the maximum bias for all situations
wherein the strengths of association don’t exceed these limits, we argue (main Theorem) that: regularity
conditions assure that we can approximate continuous or mixtures of continuous and categorical variables
by their categorical counterparts so that the maximum bias for categorical variables is within € of B, 4.
More precisely, By > By,qx — € Where B is the bias for some set of categorical variables

E,, Vi, Cy, Ni, D;. We then show by construction (Theorems 1 and 2 and supporting propositions) that we
can modify the probability distributions for these categorical variables to obtain new categorical variables
E,,V,, C,, N,, D, with bias B, such that: i) B, > B4, — 7¢; and ii) the contribution to B, is negligible
from all sets, other than two specific sets we explicitly define. This simplifies the bias expression, since
we only have to consider v in one of these two sets. We next collect the approximation errors (Theorem
3) and show by construction that we can replace E,, V,, C,, N, D, with variables E5, V3, C5, N3, D3 such
that i) all variables are dichotomous; and, ii) Bz > By, — 9¢. The resulting bias expression is further
simplified and now involves only five parameters. We then use optimization techniques to find the

maximum bias max(B3) for such dichotomous variables. These steps establish that B,,,,, = max(B3) >



Bnax — 9¢. Since € is arbitrary, max(B3) must equal By, justifying use of max(B3) as the bound:
Bd = max(B5).

2) Notation and Definitions:

We only consider values of Rg, R, Rp > 1.

¢ is the empty set;

|x| has two meanings: if x is a number, |x| is its absolute value; if x is a set, |x| is its cardinality.

#(V) is the set of variables V = E,V, C, N, D and their associated probability functions; that is (V) =
{17; p1(v), po (W), p.(v,1),p.(v,0),pp(n), py(n)} where E, N, D are dichotomous, V is categorical, but
otherwise unrestricted, and the causal relationships of Figure 1C hold. Here, p,(v) = P(V =v|E =e) =
Pye fore =01, p.(v,n) = P(C = c|V = v,N = n) for n = 0,1 where c is the value of C that is
selected or conditioned on in Figure 1C, pp(n) = pp(D = 1|N =n) and py(n) = P(N = n) with

ON _ pN(Nzl)

= o (N=0) forn = 0,1. If [V]| < oo, we can parameterize these functions as: p,(v) = m,,,
N(N=

pc(w,n) = ey, pp(n) =mpyand py(n) =y, forv=12,...,|V[;e=0,1;n=0,1.

7Y CCngs . 9 Ty Pe(v) maxy , pc(v,n)
(V) “satisfies constraint CR(Rg, R¢, Rp)” if and only if: max,, W) < Rg, iy n (o) ~ RO
pp(n)
maxn o Rp

50(17) “satisfies constraint CL(mn, mx, mn., mx., Oy)” if and only if;

: N=1
mn < p,(v) < mx, fore = 0,1; max, , p.(v,n) < mx,, min,, p.(v,n) = mnc,zNEN_O; = Oy.
N(N=

B (p(V)) is the bias B for (V) = {V; py (v), po (¥), pe (v, 1), p. (v, 0, p (), py ()}

H = H (n,mn, mx, mn,, mx., Oy, Rg, Rc, Rp, €) denotes the collection of all sets
2(V) = {V; p1(0), o), pc (v, 1), pc (v, 0), pp (n), py ()} such that: |V| = n; (V') satisfies

constraints Cx (Rg, R¢, Rp) and C, (mn, mn, mn., mx., Oy); and, the bias B(go(l7)) satisfies B(go(V)) >

Bax — €.

Let B4, be the (overall) maximum of the bias B(go(?)) defined in Equation (2) of the main text, for all
probability functions that satisfy constraint Cx(Rg, Rc, Rp). Our goal is to prove that B4, < Bd.

Define the four sums by:
2y =2y (WP =1|E=0,N =1)-0yp:(v,1) + P(D =1|E = 0,N = 0) - p.(v,0))

2, =201 WOy -pc(v, 1) +pc(v,0))
%3 = %00 W)(P(D = 1E = 0,N = 1) - Oy - pe(v,1) + P(D = 1E = 0,|N = 0) - p.(, 0))



24 =YuPo (W)(Oy - pc(v, 1) + pc(v,0))

With this notation, B((V)) can be written as B(p(V)) = ;124.
243
It is useful to note that we can write X, to £, in several different forms, yet still have B(go(l7)) = %
243
For example, since N is dichotomous, we can multiply X, to £, by — Py (N=0) and write
miny, P(D=1|E=0,N=0)

P(D=1|E=0,N=1)
P(D=1|E=0,N=0)

2, =2up1 WRp Py W, D) +qy v (v,0);  Z;=2,p1 W N P, D) +qy - pc(v,0))

23 =Y,00 WRp oy PV, 1) + gy p.(v,0); Xyp=X,p0 Wy 0., 1)+ qyp.(v,0))

dln (B) =0 [val(v)pc(url) _ ZvPO(V)Pc(Vrl)]
dRp N 3, PR

= Rp, qy = 1 — py and re-express £, to £, as:

The derivative with respect to R, is: . If this derivative is

negative, we can relabel the levels of N so that the bias is increasing as a function of Ry. Thus, we still

have B(p(V)) =

21 =201 WRpONp(v, 1) + pc(v,0)) and 23 = ¥, po (V) (RpOnpc (v, 1) + pc(v, 0)).

;124, if we take Rj, to be the maximum Rp, with R, = 1 and write:
243

Define the collections of subsets of V: A; = {v: p;(v) = mx}, C; = {v:p;(v) =mn}, D; =

{vimx > p;(v) > mn}i=0,1. The collection of subsets, (4., C., D,) for e = 0,1 is mutually exclusive
and collectively exhaustive for V. Note that A,, C,, D, depend on p,(v) € g (V), but for notational
simplicity, we suppress that dependency here and elsewhere. There are 9 combinations of subsets
(A1,Cy, D) X (Ao, Co, Dy).

3) Theorem (Main). Fix Rg, Rp, R; > 1 and let € > 0. Assume that inequalities (5) of the main text hold
for E,M, N, C and D and that structural selection bias is present (Figure 1C). Then the bias (Equation 3,

Re(yRpRc+1)+(JRp+Rc) _ (Rc+y/Rp)+Re(1+,/RpRc)
Rg(Rc+yRp)+(1+/RpRc) X (VRpRc+1)+Rg(\/Rp+Rc)’

Proof: Under mild regularity conditions (e.g., similar to those used by Ding and VVanderWeele [1],

main text) in the conditional RR doesn’t exceed Bd =

Rg, Rp and R are defined for continuous variables, categorical variables or a mixture of continuous and
categorical variables. Furthermore, we need consider only categorical variables. This restriction is
justified since, if the bias exceeds a particular number x for some Rg, Rp, R, and continuous variables
E,V,C,N and D with distributions satisfying the inequalities in (5), mild regularity assumptions imply
that the continuous variables and distributions can be approximated by categorical variables and
distributions also satisfying the inequalities (5) so that the bias also exceeds x for the approximating
categorical variables and distributions. Therefore, establishing the bound Bd in the categorical case also
establishes it in the continuous case and justifies subsequent restriction of the proof to categorical

variables.



By Theorem 3 (stated below), given fixed mn, mx, mn,., mx., Oy, Rg, Rc, Rp and € > 0, there exists
9(V;) € H = H (2, mn, mx, mn,, mx,, Oy, RgR¢, Rp, 9¢) such that B(g(V,)) can be written as:

RE(RDONTC+1)+(RDON+TL{,) (ONTC+1)+RE(0N+TC”)
RE(ONrC+1)+(0N+rL{,) (RDONTC+1)+RE(RD0N+TC”)

B(p (V) =

pe(v) maXy n pc(vn) pp(n)
— < Rg, iny n P (o) < R, max, o) < Rpsothat E,M, N, C and

80(‘72) € H implies max,,
D satisfy inequalities 5 (main text) and B($(V,)) > Bmax — 9¢; all terms are defined in Theorem 3.

Subject to the constraints: 1 <7, < Rz, 1 <1/ <Rcand 0 < 0y, B((V,)) attains its maximum at
. =R¢, 7' =R¢, Oy = 1/\/R_D. We found the maximum using the optimization method of Byrd et al.
[2], an approach designed to solve non-linear problems using a gradient projection method and
implemented in the optimr package in R (version 3.3.1). We used a grid of 100 starting values to provide
reassurance that the maximum was identified and also verified the solution using the Maximize function
in Wolfram Mathematica 11 [3].

Substituting these values of 7., r.’ and Oy into Equations (10), yields the bound:

Bd = Re(RpRc+1)+(\/Rp+Rc) N (Rc+y/Ra)+Re(1+,/RpRc¢)
"~ Rg(Rc+yRa)+(1+RpRc) ~ (JRaRc+1)+Re(YRp+Rc)

Since Bd = Bqx — 9¢, Bmax = Bd by definition and ¢ is arbitrary, we must have Bd = By, Proving

the main Theorem.

Note: the solution above uses r, < R and r;" < R.. However, if strong substantive knowledge indicates
that 7, < R. and " < Ry, with R # Ry, a tighter bound may be obtained by optimizing B (¢(V,))

subject to these alternative constraints.

4) Other Standard Populations.

In the main text we considered the exposed, selected population as the standard, but it is straightforward
to also consider the unexposed or the entire selected population as the standard. Let B be the bias and
SRR be the (causal) standardized risk ratio, with the exposed as the standard (Equation 2, main text), i.e.
the effect of treatment on the treated. Denote the bias and the (causal) standardized risk ratio, if the
unexposed were the standard as, say B, and syRR, where By, is the ratio of the oRR divided by soRR. In
direct analogy to the case with the exposed as the standard (main text, Equation 3), B, is given by:

_ Zwu P(V=v|[E=1)P(U=w)P(D=1|E=LU=w)P(C=c|V=v,U=u) X,y P(V=v|E=0)P(U=w)P(C=c|[V=v,U=u)
- YvuP(V=v|E=0)P(U=u)P(D=1|E=1,U=u)P(C=c|V=v,U=u) Yy, P(V=v|E=1)P(U=u)P(C=c|V=v,U=u)

By



This Equation shows that B, has just the same structure as B, exceptthat P(D = 1|E = 0,U = u) in
Equation (2) is replaced by P(D = 1|E = 1,U = u). Thus, our arguments justifying bound Bd for B also

maxy, P(D=1|E=1,N=n)

hold for By, provided R} = i P(O=15=LN=m)

replaces Rp, in Equation (4) of the main text.

If the distribution of U among all those selected is the standard, much as in Ding and VanderWeele{Ding,
2016 #326} , we have:
ACE = w-sRR + (1 —w) - s,RR, where

P(E=1|C= P(D=1|E=0,U=u,C=c)P(U=u|E=1,C=
W= (E=1|C=c) ¥, P(D=1]| u,C=c)P(U=u| c) . and ACE
P(E=1|C=c) ¥, P(D=1|E=0,U=u,C=c)P(U=u|E=1,C=1)+ P(E=0|C=c) ¥, P(D=1|E=0,U=u,C=c)P(U=u|E=0,C=1)

is the standardized risk ratio with all in the selected population as the standard (the average causal effect
for this population). If we define R* as max (Rp, Rp) and calculate Bd,g using Rg, RA¥* and R in
Equation (4, main text), we obtain a bound for the bias in the average causal effect B,¢p:

Buce= (ORR/ACE) < Bd,cp.

5) Lower Bound.

Here we use our main results to derive a lower bound, say Bd, for the bias (Equation 3, main text) when
ORR is used to estimate effects of exposure E. We establish that: Bd = é. To derive this result, we
define a new variable E = 1 — E. With those “unexposed” to E as the standard (E = 0) in the definition

of the effect of E, the bias is:

YyuP(V=v|E=1)P(U=u)P(D=1|E=1,U=w)P(C=c|V=v,U=u) _ Yyu P(V=v|E=0)P(U=u)P(C=c|V=v,U=u)

Bo(E) = YyuP(V=v|E=0)P(U=u)P(D=1|E=1,U=w)P(C=c|V=v,U=u) Y, P(V=v|E=1)P(U=u)P(C=c|V=v,U=u)

_ YpuP(V=v|E=0)P(U=w)P(D=1|E=0,U=u)P(C=c|V=v,U=u) % YvuP(V=v|E=1)P(U=u)P(C=c|V=v,U=u)
_Zv'uP(V:v|E=1)P(U=u)P(D=1|E=O,U=u)P(C=C|V=v,U=u) YvuP(V=v|E=0)P(U=u)P(C=c|V=v,U=u)

Then By (E) = %, where B is given by Equation (2), main text. Applying our result for the upper bound

on the bias in estimating the effects of E, with those “unexposed” to E as the standard (E = 0), gives:

ol v o e )
(Jeprer)ene{ e )

2

max, P(D=1|E=1,N=n) _ max, P(D=1|E=0,N=n) _
min, P(D=1|E=1,N=n) = min, P(D=1|E=0,N=n)

, Where R} =

1 -

5= B(E) <
Rp.
Combining results: ﬁ =Bd < B < Bd.

Simulations like those described in eAppendix 4 where the exposed, selected population was the standard,
yield similar results with the bias approaching but never exceeding the bound when the unexposed,

selected population is the standard and also for the lower bound (data not shown).



5) Supporting Theorems:
We now state Theorems 1-3. Their proofs and supporting Propositions and Lemmas are in eAppendix 3.

Rg-1

Theorem 1. Let Rg, R., Rp and € > 0 be given. Set &’ =
140Rp

€ and let B,,, 4, be the maximum of the

bias B defined in Equation (3; main text) for all probability functions that satisfy constraint

Cr(Rg, R¢, Rp) and the causal relationships of Figure 1C. Then 3 numbers mn, mx, mn., mx,. and Oy
and R < oo and variables with associated probability functions

go(VN) € H (X, mn, mx, mn., mx., Oy, Rg, R¢, Rp, 4€) such that: (i) p,({v:v € A;NA}) < €', for

e = 0,1. Proof. eAppendix 3.

Rg—1 I
140Rp

Theorem 2 Fix € > 0, Rg, R, Rp > 1, mn, mx, mn,, mx, with % <Rgand &' =

H(n',mn,mx, mn., mx., Rg, Rc, Rp, 5¢) # ¢, then 3 a number X < o and
9(Vy) € H (X, mn, mx, mn,, mx,, Oy, R, R¢, Rp, 7¢) such that conclusions of Proposition 3 hold

(including those of Theorem 1); and, p,({v: v € C;NC,}) < €', for e = 0,1. Proof: eAppendix 3.

Theorem 3: Fix mn, mx, mn., mx., Oy, Rg, R¢c, Rp, FOr every € > 0 there exists

p(V5) € H (2, mn, mx, mng, mx, Oy, Ry, Re, Rp, 9€) with B(9(V,)) = - such that: B((V;)) >
243

Bmax - 88, Where Zl - RE(RDONTC + 1) + (RDON + TC”); 22 = RE(ONTC + 1) + (ON + TC”)
Y3 = (RpOn1, +1) + Re(RpOy +7¢7); 2y = Oy + 1)+ ROy +7")
Proof: eAppendix 3.



I1. eAppendix 3:

eAppendix 3 contains proofs of Theorems, Propositions, and Lemmas used to prove the main Theorem,
assumptions of which are used throughout. We first prove three Lemmas that will be used in subsequent
proofs of Theorems 1-3 and Propositions.

Note: Theorems 1 and 2 have analogous proofs, with similar construction steps; this is also true of

Propositions 1, 2, 4 and 5.

Lemma 1. Fix mn, mx, mn., mx., Oy, Rg, R¢, Rp and &. Consider
H = H (n, mn,mx,mn,, mx., Oy, Rg,Rc, Rp, €). If 7 + ¢, then for some n' < oo, 3 variables and
functions (V') € H (n',mn’,mx’, mn,, mx,, Oy, Rg, R¢, Rp, 2¢€) such that:|V'| = n’, p,(v") has

bounds mn’ and mx’ such that: mn’ < p,(v") < mx’ and == < Rj.
Pe mn E

Proof: Let (V) € 3, with B($(V)) > Bpax — €. Under mild regularity, p,(v), e = 0,1 can be
approximated by p,'(v) € 50(17’) with range @ (rational numbers) so that: B(go(W)) > Bax — 2&. For
simplicity, relabel V' as V. Use the following algorithm to recursively define a new variable and functions
(V") with the following Steps:
0. Let mn = min,, p. (v). Define G = {v: max, p.(v) > Rg - mn}. If G is empty, stop.
Otherwise,
1. Pick vy € G such that max, p.(v;) = maxe yeg Pe(v). Let mx, = max,p.(vq). If
max, p.(v1) < R - mn, stop. Otherwise: 3 integers K; > K, such that mx,, /K; = R -
mn/K,. Label the categories of V: vy, ...., v,,.
2. Create a new variable V' with [V'| < K; + (n — 1) X K; labeled as v'; ; for i = 1,2,...,n,
j=12,..,J; where J; = K; if max, p.(v;) = mx,, and J; = K, otherwise.
3. Variables E, C, N, D and the probability functions pp (n) and py (n) are unchanged.
4. Define new probability functions p,(v'; ), p1—.(v'; ;) and p.(v'; j, n) as:

pe(vy),
Ji

pe(v'i) = pe(v'ij,n) =pc(v,n), fori=12,..,n; j=12,..,J; en=0,1.

. _mn_ _ 1ot
5. Define: mny,,,, = T Mnew = MaXy/c P ().

6. Relabel: mn = mn,,,,,, mx = mx,,,,, drop the primes from V' and the probability functions
#(V"). Return to Step 0.
Each iteration reduces the number of unique values of p, (v) outside the interval [mn,,q,,, MxXyew],
assuring that the algorithm eventually stops. With each iteration, the values of p. (v, n) and, because of
duplication, B(g((V')) don’t change. Therefore at completion, the final variables and functions (V")

still satisfy constraint Cx (Rg, R¢, Rp), and the construction assures mx = Rg - mn.



RpX,—33 > Y3—3y
RgZ;-%; = Z1-%p

Proof: by contradiction. If the conclusion is false, then we would have 25?‘_23 < 23_2“. Dividing both
E~2741 1~ 42

sides by X5 — X, and multiplying both sides by R;X, — Z; would give:

Lemma 2: If B = B(¢(V)) > 1 and R; > 1, then

RpX,—%3 _ RgX;—34

. Dividing numerator and denominator on the left (right) by 5 (£,) would imply

Y3—34 =%,
T4 ]
Rpg —1 By, 1 L b b .
1i32_4 < ig_z . Cross multiplying by 1 —<*and 1 — 32 then would imply:
Z3 Zq 3 1
P 5.5, % D 545, % . .
Rp=2—1—-Rp=22+2<R;2—1—R;=2=2+ =% Canceling common terms gives:
3 3% % I I3% I3

z—:(RE -1< z—j (Rg — 1), which would imply B < 1if R > 1, a contradiction, completing the
proof.
Lemma 3. For fixed n < oo, mn, mx, mn,, mx. Rg, R¢, Rp, Oy and g, let
H = H(n,mn,mx, mn,, mx., Oy, Rg, Rc, Rp, €) Where % <R fH+¢, 3 50(17’) € H such that:
p.(v,n) has the same value forn = 0,1 and all v € A; n Cy, and similarly for v in each combinations of
sets (A4, C1 ) X (Ay, Cp).

Proof: Define S = 4, N C,. Create (V') € H from g (V) € 3, where pp(V") = (V) except that:
pe' (1,1) = Ypes Pe (v,1)/|S|. Then: B(p (V")) = B(f(V)) since p,(v) is constant for all v € S in each
of the defining sums; also (V") € , == < Ry holds if true for (V') and p,'(v, n) has the same value

forall v € S for n = 0,1. The corresponding result holds for the other combinations (4,, C;) X (4y, Cp),

concluding the proof.

Theorem 1. Let Rg, R, Rp and g, &’ > 0 be given and let By, ,, be the maximum of the bias B defined in
Equation (3; main text) for all probability functions that satisfy constraint Cz (Rg, R¢, Rp) and the causal

relationships of Figure 1C. Then 3 numbers mn, mx, mn,, mx,. and Oy and & < oo and variables with
associated probability functions g (Vy) € H (X, mn, mx, mn,, mx,, Oy, Rg, R¢, Rp, 4¢) such that
pe({viv e A1NAy}) < €', fore =0,1.

Proof : Recall A, = {v: p,(v) = mx}. By the first part of the proof of the main Theorem, 3 categorical
variables 17, and associated probability functions 50(17]) with |V]| = ] < oo that satisfy constraint
Cr(Rg, Re, Rp) and Bax = B(2(V})) = Bpax — €. Taking

mn = ming,, p.(v), mx = max,,, p.(v) , mn, = min,,,, p.(v,n), mx, = max, , p.(v,n) and Oy =

pn(N=1)

: 50(17]) satisfies constraint C; (mn, mx, mn., mx., Oy) and thus
pN(N=0)

#(V)) € H(J, mn, mx, mn., mx, Oy, Rg, R, Rp, €). By Lemma 1, for some ' < oo, 3 variables and



functions p(V;,) € H (n',mn’, mx’, mn,, mx,, Oy, Rg, R, Rp, 2¢) such that:|V;;| = n', p,(v") has
bounds mn' < p,(v") < mx’ with le—z: < Rg. By Lemma 3, we assume p.(v, 1) and p.(v, 0) each has the

same value for all v in each combination (44, C;) X (4o, Cy),

dln(B) and dln(B)

For each value v of V, consider the partial derivatives :
Opc(v,1) 0pc(v,0)

If both were nonnegative, we

would have:
dln(B Rpmx mx Rpmx |, mx %12, RpZ,4—X
B v ———— 2—=+]=>0 so 1>2-L=2=3-3nq,
opc(v,1) 2 P 23 24 23Xy RpYp—%,
dln(B mx mx mx  mx 312,232
OinB) _mx mx mx  mx. o g5 q<Z1Z2Zs7%s
opc(,0) I 2 23 2y 23Xy 212

X133 RpXy—23 < X3, X3—3y
Z3Z4 RpZy—%; — E3X X%

This would imply: , a contradiction if B(@(V)) > 1and Rg > 1 by Lemma 2.

Thus, we must have either case (i) or (ii):

. din(B) din(B) . . _

(i peoL) > 0 and 3.(0.0) < 0. Inthis case, we can decrease p.(v, 0) until p.(v,0) = mn,,
without decreasing B (g (V)); or we have:

(i) % < 0. In this case, we can decrease p.(v, 1) until p.(v, 1) = mn_, without decreasing

B((V)). Thus, we can assume either (i) p, (v, 1) = mn,; or (i) p.(v, 0) = mn,.

(i) Proposition 1 (below) shows that we can find X < co and variables with associated probability
functions g)(Vx) € H (X, mn, mx, mn., mx., Oy, Rg, R¢, Rp, 3¢€) such that: p,({v:v € A;NA,,

pc(w,1) =mn.}) < &' fore =0,1.

(ii) Proposition 2 (below) shows that there exists & < oo and variables I7N with associated probability
functions g)(VT{) € H (X, mn, mx, mn., mx., Oy, Rg, Rc, Rp, 4€) such that: conclusions of proposition 2

continue to hold; and p,({v: v € A;NA,, p.(v,0) = mn.}) < &' fore =0,1.

Parts (i-ii) cover both possible combination of values for p.(v, 1) and p.(v,0) with v € A;NA,, and

together show that p, ({v: v € A;NAy}) < ¢, for e = 0,1, completing the proof of Theorem 1.

Proposition 1. Fixe,& > 0, Rg, R¢, Rp > 1, and mn, mx, mn,, mx., Oy with % < Rp.If3 50(17%:) €
H(n',mn,mx, mn,, mx., Oy, Rg,Rc, Rp, 2€), then 3 a number X < oo and

50(?&) € H (X, mn, mx, mn., mx., Oy, Rg, R¢, Rp, 3¢) such that p, ({v: v € A;NA,, p.(v,1) = mn_}) <
g fore=0,1.

Proof. Recall that A, = {v: p,(v) = mx.} fore = 0,1.
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mx/

1) By the first part of Theorem 1, 3 po(Vy) € # (n', mn, mx, mn, mxc, Oy, Rg, Re, Rp, 2¢) with = <

Ri, and B(9(Vy)) > Bpax — 2€.

2) With error at most € in B(ga(VN)), we can approximate p, (v), so that mn and mx are rational, and in

particular 3 integers b > a: a-mx = b - mn and even after approximation, B(@(VN)) > Bax — 3€.

3) Ifp.({v:v € A;NAy, p.;(v,1) = mn.}) < &' for e = 0,1, we are done. If not, then we show how to

construct go(Vx) with the desired properties without decreasing B(go(VN)) Choose an integer K > a—+b

4) Label the categories of V; by v; for i = 1,2,...,] = |V}|. For each category v; of V/}, define categories of
a variable V’].K by:vig, i =1,..,J; k=12,..,K and associated probability functions: 50(17’].,() =
V' 1601k Wir) = 1@ /K, Dok (Vik) = PoWD/K, D' ek (Vi 1) = 0 Wi, 1), P’ ex(vig, 0) =

p.(v;,0)}. By construction K cancels from the bias expressions, so B(go(V’ Jk)) s unchanged K <

RE and JO(V’]K) € }[(] ’ K; mng, Mxg, MmN, Mxc, ONIREIRCIRDI 38)

5) If pex({v:v € A1NAy, p(v,1) = mn,}) < ¢ fore = 0,1, we are done. If not then we construct
other variables and probability functions g(Vy ) € H = H (X, mny, mxg, mng, mx., Oy, Rg, Re, Rp, 3€),

Wlth K < Rg, an equal or larger value of B(go(VN )) and a smaller value of p, x({v:v € A;NA,,
ng
pc(v, 1) =mn.}).

6) Let AAx = {v:v € A1NAy, p'cn(v, 1) = mny, }. Then |AAK| must be greater than a + b. Otherwise:
p'ex(AAg) < |AAg|-mxg < (a+ D) -mxg = (@a+b)- =< (a +b)—e < ¢, by choice of N

and since mx < 1.

7) Thus, choose a + b points in AAg. To simplify notation, we drop K and primes (") from variables and

functions in p(l7].,<) and the limits: e.g., p’, x (V) = p(v) for e = 0,1 and mx = mxy.

We now show that we could decrease |AAg| = |{v:v € A;NA,, p.(v,1) = mn,}| without decreasing
B(go(l7].,<)) by assigning new values of p, (v) and p.(v,n) for sets of a + b points. The construction will
assure, that with these new variables and functions 50(17’), we have: B(go(V’)) > Bax — 3¢,

pe(lAAKll) < 8, and 80(‘7,) € ‘7-[(4/1’! mn, mkx, mnCl mel ONI RE: RCI RDI 36)

For each set of n = a + b points in A;NA, with p.(v,1) = mn,, the current (“old”) values and

proposed, new (to be assigned) values are shown in eTable Al. In general, p.(v, 0) can vary, but we can
replace p. (v, 0) with the average md = ¥.,c4,na, Pc (v,0)/(a + b) by Lemma eTable Al: Old and
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reassigned (“new”) values of py(v), p;(v), p.(v,1) and p.(v, 0) for each of n = a + b points in A; N4,
with p.(v, 1) = mn,

eTable Al
Type, number of pointsn | p,(v) | po(v) | p.(v,1) | p.(v,0)
Old Old values of probability functions for the n selected points
n=a+b mx mx mn, mdt
Total: n=a+b (a + b)mx (a+b)mx
New New values of probability functions for the n selected points
Typel, n=5»b mx mn w X
Type2, n=0»b mn mx y z
Total, n=2b (a+b)mx (a+ b)mx

T p.(v,0) is replaced with the average (see text above).

Recall that B((go?x)) = % The contributions of the n points to each of the sums X4, 2,, 25, 2, before
243

(old) and after using the new values are shown in eAppendix Table A2.

eTable A2: Old and “New” contribution of the n = a + b pointsto ¥, Z,, 23, %,

Sum | Old Value New Value: Typel + Type2
2, (a+b)- RpOymn.+md] | b-mx-(RpOyw +x) +b-mn-(Rp,0yy+2)

Z, (a+b)- Oymn, + md] mx:-( Oyw+x) +b-mn-( Oyy+2)

mx|
mx| b -
23 (a +b) -mx[Rp,Oymn.+md] | b-mn-(RpOyw+x) +b-mx-(Rp0yy+ 2)
Xy (a + b) -mx[Oymn, + md] b-mn-( Oyw+x) +b-mx-( Oyy+2)

By subtracting the old contribution from the new contribution, we get the change in each of the sums —

the difference that will occur by reassigning p.(v, 1) and p.(v, 0) as proposed: eAppendix Table A3.

eAppendix Table A3. The changes in the sums X,,%,, X5, X, due to changing p.(v,1) and p.(v,0).

A; | Difference: A; = New;— Old;

Ay | b-mx(RpOyw +x) +b-mn(RpOyy + z) — (a + b)RpOymx - mn, — (a + b)mx - md
=Ry *Rg*RpOy(W —mn.) + Ry - Rg(x —md) + Rg - RpOy(y — mn.) + Rg - (z — md)

A, | b-mx(Oyk+x) +b-mn( Oyy+z)—(a+b) mx-[Oymn,+ md]
=Rg-ROy(k—mn.)+Rg-R(x —md)+Rg - Oy (y—mn.) + Rg(z —md)

A; | b*Rpmn-Oyw+b-mn-x+b-mx-(RpOyy+ z) — (a + b) - mx[R,0ymn, + md]
=Rg - RpOy(w—mn,.) + Rg(x —md) + Rg-Rg*RpOy(y —mn.) + Ry Rg(z — md)

Ay, | =b-mn-( Oyw +x) +b-mx-( Oyy+2z)— (a+b) mx-[Oymn, +md]
= RzOy(w —mn,) + Rg(x — md) + Rg * RgOn(y — mn,) + Ry - Rp(z — md)

The second line in each cell of the right column of Table A3 follows by rearranging and then using

b = a -mn, mx = Rg - mn and cancelling a and mn. (Cancelation simplifies the expression but does not

affect the value of B = B(JO(V’].K))). Settingw = mn,,x = md,y = mn, and z = md, doesn’t change
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B (all A; are 0) and the constraints are still satisfied. [Many other possible substitutions would increase
B.]

This construction decreases |[AAg| by a + b: after redefining the distribution functions p, (v) in 30(17&) as
in Table Al, p.(v) € {mn, mx} so that none of the a + b selected points remain in A;NA,. We can

repeat the process of reassigning probabilities, starting at step 6 and as reflected in eAppendix Tables Al-
A3, until [{v:v € A;NAy, p.(v,1) =mn.}| <a+b sothatp,({v:v € A;NAy, p.(v,1) =mn.}) < ¢

for e = 0,1, completing proof of Proposition 1.

Proposition 2: Fix & > 0, R, Rg, Rp > 1, and mn, mx, mn,, mx, With = < R If 3 (V1) €
H (n',mn,mx, mn,, mx., Oy, Rg, R¢, Rp, 3€) satisfying conclusions of Proposition 1, then 3 a number
N < oo and 50(17&) € H (X, mn, mx, mn., mx., Oy, Rg, Rc, Rp, 4€) such that conclusions of Proposition 1

hold; and p,({v: v € A;NA4,, p.(v,0) = mn_.}) < &' fore =0,1.

Proof. Proposition 2 follows by showing it would be possible to redefine the functions in go(Vy) so that
pe({v:v € A;N4y, p.(v,0) = mn.}) < ¢, without increasing B(g(Vx)) sothat (V) € H' = H n
{PW):pe({v:iv € A NAg, pc(v,0) =mn}) <& fore =0,1}.

Let go(VN) € H (n',mn, mx, mn,, mx., Oy, Rg, R¢, Rp,3€) denote the variables and functions whose

existence is proven in Proposition 1. Suppose, for the functions in g (Vy), that p, ({v: v € 4;NA4,,
pc(v,1) =mn.}) < & for e = 0 or 1. Paralleling the proof of Proposition 1, if p, ({v: v € A{NA,,

p(v,0) = mn.}) > &', modify g(Vy) to increase the number of points if needed and approximate p, (v)
by rational numbers so that B((Vy)) > Bmax — 4€ and & > aT“’, where X = |V| and b > a are integers
with a - mx = b - mn. Select a + b points in A;NA, such that p.(v, 0) = mn.. Replace p.(v, 1) by the
average md, without affecting B(g (V")) or the constraints (md = Ywea na, Pe @, D/1A1NAG)).

We now sketch how to modify g(Vy ), analogous to Proposition 1, with the values for p, (v) and p. (v, n)

in Table A4, so that B(g(Vy)) won’t decrease, but Pex{v:v € A1NAy, p.(v,0) =mn.}) < €.

eAppendix Table A4: Old and reassigned (“new”) values of po(v), p, (v), p.(v, 1) and p.(v, 0) for each
set of n = a + b points in A;NA4, with p.(v,0) = mn_}

Type, number of pointsn_| p; (v) [ po(») [ p(v, D) [ pe(v,0)
Old Old values of probability functions for the selected points
n=a+>b mx mx mdt mn,
Total: n=a+b (a+b)mx (a+ b)mx
New New values of probability functions for the selected points
Typel, n=b» mx |mn |w |x
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Type2, n=b mn mx y z

Total, n=2b (a+b)mx (a+ b)mx

T p.(v, 1) can vary, but is replaced by the average by Lemma 3.

The contributions of these points to each of the sums X,, ,, 25, 2, before (old) and after (using new

values) are shown in eTable Ab5.

eTable AS: Old and “New” contribution of the n = a + b pointsto ¥, Z,, %5, %,

Sum | Old Value New Value: Typel + Type2
2, (a + b)) -mx[Rp,Oymd +mn.] | b-mx-(RpbOyw+x) +b-mn-(Rp0yy+ 2)
z, (a + b) -mx[Oymd + mn,] b-mx-( Oyw+x) +b-mn-( Oyy+2z)
N (a +b) -mx[Rp,Oymd +mn.] | b-mn-(RpOyw+x) +b-mx-(Rp0yy+ 2)
T, (a + b) - mx[Oymd + mn_] b-mn-( Oyw+x) +b-mx-( Oyy+2)

By subtracting the old contribution from the new contribution, we get the change (4;) in each of the sums

(difference that will occur by reassigning p. (v, n) as proposed), as summarized in eTable A6.

eTable A6. Changes in the sums X,,2,, X3, 2, due to changing p.(v,1) and p.(v,0).

A; | Difference: A; = New;— Old;

Ay | b-mx(RpOyw +x) +b-mn(RpOyny + z) — (a + b)RpOymx - md — (a + b)mx - mn,
=Rg"Rg*RpOy(Ww —md) + Rg - Rg(x —mn_.) + Rg - RpOy(y —md) + Rg - (z — mn,)

A, | b-mx(Oyk+x) +b-mn( Oyy+2z)—(a+b) mx-[Oymd+ mn,]
= Rg ' RgOy(k—md) + Rg * Rg(x —mn,) + Rg - Oy * (y — md) + Rg(z — mn,)

As; | b-Rpmn-Oyw+b-mn-x+b-mx-(RpOyy + z) — (a + b) - mx[R,Oymd + mn_]
=Ry RpOy(w—md) + Rg(x —mn.) + Rg"Rg-RpOy(y —md) + R - Rg(z — mn,)

Ay |=b-mn-(Oyw+x) +b-mx-( Oyy+2z)—(a+b) mx-[Oymd+ mn,]
= RzOy(w —md) + Rg(x —mn.) + Rg - RgOy(y — md) + Rg - Rg(z — mn,)

If we set w = md; x = mn,;y = md and z = mn,, then £,,%,, X3, £, do not change (A; = A, = A; =
A, = 0), the constraints are still satisfied, B(go(VN)) does not decrease, conclusions of Proposition 1,

continue to hold except B($(Vx)) = Bmax — 4€. However, with the changes p, () no longer equals mx
for the a + b selected points so that |{v € A;NA,, }| is reduced by a + b. We can repeat the process of
reassigning probability functions (Tables A4-A6) until |A;NA,N{v: mn, < p.(v,0) = mx.}| <a+b
implying that p, ({v: v € A;NA,, p.(v,0) = mn,}) < ¢ fore = 0,1, concluding the proof of
Proposition 2.

Proposition 3: Fix €,&' > 0, Rg, R¢, Rp > 1, and mn, mx, mn,, mx, with % < Rg.If3 p(lzﬂz) EH =

H(n',mn, mx, mn,, mx., Oy, Rg, R¢, Rp, 4¢) satisfying conclusions of Theorem 1, then 3 a number
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R < o and go(Vy) € H' = H (X, mn, mx, mn,, mx,, Rg, R, Rp, 5¢) such that conclusions of Theorem 1

hold; and p.(V € D,) < &' fore = 0,1.

Proof. Recall D, = {v: mn < p,(v) < mx} for e = 0,1. First, consider e = 1. Let (V1) € H be the
variables and functions whose existence is proven in Theorem 1. By the construction in Propositions 1
and 2, 3 p(Vy) € 3 such that p,({v: v € 4;NA,}) < €’;e = 0,1. If py(Vx € D;) > mx, D; must
include at least two points, say v; and v, labeled so p; (v;) > p;(v,). Let B(go(?x))(a,d) represent the
bias, after changing p; (v;) by a small amount 4 > 0 and p, (v,) by —a4: p; (v;) = p1(v;) + A(—=a)* 1,
0 < a,p;(v;). We show we can increase p; (v,) by 4 and decrease p; (v,) a4 without changing

B(9(Vx)) (a,4)—B((Vx))(0,0)
B($(Vx))(0,0)

B (go(?x)); if so, the proportional change, PC = must be 0. Direct evaluation of

PC leads to:
0 = Z1+ARDONP(V1, D +Dc(v1,0)~@ARpONP (o, D+Pc 02, 0)/21 4
Z5+AONDc(¥1,1)+Dc(11,0))—aA(OND(V2,1)+Dc(v2,0)) /2,

_ Z2(RpONDPc(v1, D +Pc(v1,0)) =21 (OnPc (W1, 1) +Pc(¥1,0))
Z2(RpOND (2, D) +Pc(V2,0)) =21 (ON D (V2, 1) +Pc(V2,0))

which has the solution

Set 4 = min(mx = py(v)), 5 (P1(v) -

mn)). If the denominator is 0, set up the problem to change p, (v;) — p;(v;) — A(=B)*7, 0 < B, A.
Reasoning as before identifies the solution:

B — Z2(RpONDc(12,1)+pc(12,0))—21 (On P (V2,1) +D(v2,0))
25 (RpONPc(v1,1)+Pc(11,0))—Z1 (On D (v1,1)+Pc(v4,0))

. 1
4 = min (E (mx —p(vy), (p1(vy) — mn))
If this denominator is also 0, then choose 0 < a, 4 so that p; (v;) + 4 = mx and p, (v,) — da = mn.
After the changes, v, orv, € D; B (@(VN)) > B, — 3¢ as the offsetting changes don’t affect

B(go(?x)), constraints or the conclusions of Theorem 1 or Proposition 1 or 2. Repeat the process until

|D;| < 1. The analogous construction applies for e = 0, proving Proposition 3.

Theorem 2. Fix ,&¢' > 0, Rg, R, Rp > 1, and mn, mx, mn., mx, with % < Rg.If3 50(17%,) €
H(n',mn,mx, mn,, mx., Rg, R¢, Rp, 5¢) satisfying conclusion of Proposition 3, then 3 a number X < o
and go(Vy) € H (R, mn, mx, mn,, mx,, Oy, Rg, R, Rp, 7€) such that conclusions of Proposition 3 hold

(including those of Theorem 1); and, p,({v: v € C;NCy}) < €', fore = 0,1.

Proof : Recall C, = {v: p.(v) = mn} for e = 0,1.The proof parallels that of Theorem 1. Let 30(17]) be
the categorical variables and functions satisfying conclusions of Proposition 3, under assumptions stated
in the main Theorem. Denote the probability functions in 30(17]) by: {p1,; (), po; (W), pc; (v, 1),
pc,;(v,0)} and the associated limits by mn;, mx;. To simplify notation, we drop the subscript J for

V;, mn;, mx; and the probability functions.
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. aln(B aln(B .
For each value v of I/, consider "B and 2B £ hoth were non-negative, then we would have:
opc(v,1) Opc(v,0)
dln(B) Rpmn mn Rpmn mn X125 RpZy—-Z3 .
= _ —1 > >
opc(v,1) vl Zg Z; Z3 + 24] =0 so 1= 23%4 RpZp-%; and,
dln(B) mn mn mn  mn PEPIIEWN
S SRR Ry >0 50 1o g
opc(v,0)  Z4 Z; Z3 Zy 3%y B1-2p

. . X125, RpX,s—X Z1Z5 23X
This would imply; 222 -2- =3 < 212253 =4

ToTs RpZ,of, = DaZ, 5,-%, a contradiction if B(¢o(V)) > 1 by Lemma 2. Thus, we

must have either case (i) or (ii):

. dln(B) dln(B) . i _
(i) o) > 0 and e (0.0) < 0. In this case, we can decrease p.(v, 0) until p.(v,0) = mn,,
without decreasing B(g(V)); or we have:
(i) a‘:’f;) < 0. In this case, we can decrease p.(v, 1) until p.(v, 1) = mn,, without decreasing
c\Y,

B($(V)). Thus, we can assume either (i) p.(v, 1) = mn,; or (ii) p.(v, 0) = mn,.

i). We prove in Proposition 4 (below) that, if H (', mn, mx, mn., mx., Rg, Rc, Rp,5¢) # ¢, then3 a
number X < oo and go(l7x) € H (R, mn, mx, mn., mx,, Rg, Rc, Rp, 6€) such that: conclusions of

Proposition 3 continue to hold; and p.({v:v € C;NCy, p.(v,1) =mn.}) < & fore =0,1;.

ii). We prove in Proposition 5 (below) that if 7 (n', mn, mx, mn., mx., Rg, R¢, Rp, 6€) # ¢, then3 a
number X < oo and o (Vy) € H (R, mn, mx, mn,, mx., R, R¢, Rp, 7¢) such that: conclusions of

Proposition 4 continue to hold; (ii) p,({v:v € C;NCy, p.(v,0) = mn.}) < €' fore = 0,1.

Cases (i-ii) cover the possible combination of values for p.(v, 1) and p.(v, 0) with v € C;NC,, and
together show that p, ({v: v € A;NA,) < &', for e = 0,1, completing the proof of Theorem 2.

Proposition 4. Fix g,&' > 0, Rg, R, Rp > 1, and mn, mx, mn., mx, with % < Rgp. If 50(17%,) €
H(n',mn,mx, mn,, mx., Rg, R¢, Rp, 5¢) satisfying conclusion of Proposition 3, then 3 a number X < o
and go(Vy) € H (R, mn, mx, mn,, mx, Rg, Rc, Rp, 6¢) such that: conclusions of Proposition 3 continue to

hold; and P({v: v € C;NCy, p.(v,1) =mn.}) < €.

Proof. Recall C; = {v: p;(v) = mn} fori =0,1.
1) By assumptions of the main Theorem including mild regularity conditions, 3 a categorical variable V,

and probability functions g (V,) € H (n', mn, mx, mn., mx, Rg, R¢, Rp, 5¢).

2) With error at most ¢ in B(go(Vx)), we can approximate p.(v) so that mn and mx are rational, and in

particular 3 integers b > a: a-mx = b - mn and B(go(?x)) > Bpax — 6€. ..
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3) Ifp.({v:v € C;NCy, p;(v,1) =mn,}) < & fore = 0,1, we are done. If not, we show how to

construct go(l7x) with the desired properties without decreasing B(go(?x)). Choose an integer K > ag—+,b
4) For each value v; of Vi =1,2,...,] = |V}|, define K new points v;, i =1,....J; k=12,..,K and
associated probability functions: o'(V;.x) = {p', « (Vir) = 01 WD/K, D'y « (Vi) = po())/

K, p' . (i, 1) =p:(v, /K, ' . (i1, 0) = pc(v;,0)/K}. By construction K cancels from the bias

expression, so B(¢(V'}.)) is unchanged, p(V'}.x) € H(J - K, mng, mxy, mn,, mx., Oy, Rg, R¢, Rp, 6€)

mxg

and < Rg.

mng

5) If po({v:v € C;NCy, pex(v,1) =mn.}) < ¢ fore = 0,1, stop. If not we show how to construct

other variables and probability functions go(VN ) € H (X, mng, mxg, mn,, mx., Oy, Rg, R¢, Rp, 6€), with

2K — R but with B(g(Vy)) equal or larger, and p, x({v: v € 4;N4,, p(v,1) = mn.}) < €.

mng

6) |CCx| = a+ b, where CCx = {v:v € C;NCy, pcx(v,1) = mn,}since: p, x(CC) < mx - mxy <

mx

< ¢ <
(a+b)£ <& andmx < 1.

(a+b)-mxx =(@a+b)<(a+b)

7) Choose a + b points in CCg. To simplify notation, we drop K from the subscripts of functions in

50(17]«) and from the limits: e.g., mx = mxy and p, x(v) = p.(v) fore = 0,1.

We now show that we could decrease |C Cy | without decreasing B(go(l7].K)) by assigning new values of
pe.(v) and p.(v,n) for sets of a + b points. The construction will assure, that with these new variables
and functions g (V") we have: B(§ (V")) > Bpmayx — 6€; p.(ICCx|) < €

(V") € H(n,mn, mx,mn., mx., Oy, Rg, Rc, Rp, 6€). The old values and the new assignment are shown
in eTable A7 for the n = a + b points in C;NCy with p.(v, 1) = mn,, p.(v,0) = md.

eTable A7: Old and reassigned (“new”) values of p,y(v), p, (v), p.(v, 1) and p.(v, 0) for each set of
n = a + b points in C;NCy with p.(v,1) = mn,

Type, number of pointsn_| p; (v) [ po(») [ p(v. D) [ pc(v,0)
Old Old values of probability functions for the selected points
n=a+b mn mn mn, md?
Total: n=a+b (a+b)mn (a+b)mn
New New values of probability functions for the selected points
Typel, n=a mx mn w x
Type2, n=a mn mx y z
Total, n=2a (a+b)mn (a+b)mn

tIn general, p.(v, 0) will vary for v € C;NC,, but can be replaced by the average by Lemma 3.
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The contributions of these n points to each of the sums X, Z,, 25, 2, before (old) and after (using new

values) are shown in eTable A8.

eTable A8: Old and “New” contribution of the n = a + b pointsto ¥, Z,, 25, %,

Sum | Old Value New Value: Typel + Type2
2, (a +b) -mn[RpOymn.+md] | a-mx-(RpOyw+x) +a-mn-(RpOyy+ 2)
2, (a + b) -mn[Oymn, + md] a-mx-( Oyw+x) +a-mn-( Oyy+2)
X3 (a +b) -mn[RpOymn.+md] | a-mn-(RpOyw +x) +a-mx-(RpOyy+2)
T, (a + b) - mn[Oymn, + md] amn-( Oyw+x) +a-mx-( Oyy+2)

By subtracting the old from the new contribution, we get the change in each of the sums — the difference
that will occur by reassigning p.(v, 1) and p.(v, 0) as proposed: eTable A9.

eTable A9. Changes in the sums X,,%,, X3, %, due to changing p.(v,1) and p.(v,0).

A; | Difference: A; = New; — Old;

Ay | a-mx(RpOyw + x) + a-mn(RpOyy + z) — (a+ b)RpOymn -mn. — (a + b)mn - md
= Rg - RpOy(w —mn.) + Rg(x —md) + RpOy(y — mn,) + (z — md)

A, | a-mx(Oyk+x) +a-mn( Oyy+2z)—(a+b) mn-[Oymn, +md]
= RgOy(k—mn,) + Rg(x —md) + Oy - (y —mn,) + (z — md)

A; | a*Rpmn-Oyw+a-mn-x+b-mx-(RpOyy+ z) — (a + b) - mn[RpOymn, + md]
=RpOy(w—mn.)+ (x —md) + R -RpOy(y—mn.) + Rg(z — md)

Ay |=a-mn-(Oyw+x) +a-mx-(Oyy+z)—(a+b) mn-[Oymn,+md]
= O0y(w—mn.) + (x —md) + R;0Oy(y — mn,) + Rg(z — md)

If we set w = mn,,x = md,y = mn, and z = md, then £, %,, X3, £, don’t change, the constraints are
still satisfied, and conclusions of Propositions 1-3 still hold. However, with the changes p, (v) # mx so

that [{v € C;NCy, }| is reduced by a + b. Many other possible substitutions would increase B.

We can continue the construction until |C;NCy N {v: p.(v,1) = mn_.}| < a + b implying that
pr({v:v € C1NCy, p.(v,1) = mn.}) < €' for k = 0,1., concluding the proof of Proposition 4.

Proposition 5: Fix €,&' > 0, Rg, R¢, Rp > 1, and mn, mx, mn,, mx, with % < Rg. If
H(n',mn,mx, mn,, mx., Oy, Rg, Rc, Rp, 6€) # ¢ then 3 a number X < oo and
go(_V;) € H (R, mn, mx, mn,, mx., Oy, Rg, Rc, Rp, 7€) such that conclusions of Propositions 1-4 continue

to hold; and, p, ({v: v € C;NCy, p.(v,0) = mn.}) < & fore =0,1.

Proof. Proposition 5 follows by showing it would be possible to redefine the functions in g (V) so that
pe({v:v € C;NCy, p.(v,1) = mn.}) < & without increasing B((Vy)) and so that B(g(Vy)) >

Bpax — 7€ Tor the new functions.
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Let 50(17&) be the variables and functions whose existence is proven in Proposition 4. As in the proofs of

Propositions 1, 2 and 4, increase the number of points if needed so that & > ag—tb, select a + b points in
C,NCy such that p.(v,0) = mn. If p,({v:v € C;NCy, p.(v,0) = mn,}) > &, as in the proof of
Propositions 1 and 4, we can modify go(VN) as indicated in eTable A10.

eTable A10: Old and reassigned (“new”) values of py(v), p; (v), p.(v, 1) and p.(v, 0) for each set of
n = a + b points in C;NC, with p.(v,0) = mn,

Type, number of pointsn_|_p; (v) [ po(») [ p(v, D) [ p(v,0)
Old Old values of probability functions for the selected points
n=a+b mn mn mdt - md mn,
Total: n=a+b (a+b)mn (a+ b)mn
New New values of probability functions for the selected points
Typel, n=a mx mn w x
Type2, n=a mn mx y z
Total, n=2a (a +b)mn (a +b)mn

t In general, p. (v, 0) will vary for v € C;NC,, but can be replaced with the average by Lemma 3.

The contributions of these points to each of the sums X, 2,, 25, X, before (old) and after (using new

values) are shown in eTable 11.

eTable Al11: Old and “New” contribution of the n = a + b points to £, X,, 3,2,

Sum | Old Value New Value: Typel + Type2
2, (a +b) -mn[RpOymd+mn.] | a-mx-(Rp,Oyw+x) +a-mn-(RpOyy+ 2)
z, (a + b) - mn[Oymd + mn_] amx-( Oyw+x) +a-mn-( Oyy+2)
PN (a+b) -mn[RpOymd+mn.] | a-mn-(RpOyw+x) +a-mx-(RpOyy+ 2)
T, (a + b) -mn[Oymd + mn.] amn-( Oyw+x) +a-mx-( Oyy+2z)

By subtracting old contributions from the new ones, we get the change in each of the sums — the

difference that will occur by reassigning p.(v, 1) and p.(v, 0) as proposed: eTable A12, where A;

denotes the change in ; for i=1,2,3,4 due to modifications of the functions in g (V).

eTable A12. The change in each of the sums X, Z,, 25, X, due to changing p.(v,n).

A; | Difference: A; = New; — Old;

Ay | a-mx(RpOyw + x) +a-mn(RpOyy +z) — (a+ b)RpOymn-md — (a + b)ymn - mn,
= Rg - RpOy(w —md) + Rg(x —mn,.) + R,Oy(y —md) + (z —mn,)

A, | a-mx(Oyk +x) +a-mn( Oyy+2) — (a+b) -mn-[Oymd + mn,]
=RgOy(w—md)+ Rg(x —mn. )+ Oy - (y—md) + (z—mn,)

A; | a*Rpmn-Oyw+a-mn-x+b-mx-(RpOyy+ z) — (a + b) - mn[RpOymd + mn_]
=RpOy(w—md) + (x —mn,.) + Rz - RpOy(y —md) + Rg(z —mn,)

Ay, | =a-mn-( Oyw +x) +a-mx-( Oyy+2z)—(a+b) mn-[Oymd+ mn,]

= O0y(w—md) + (x —mn.) + R;0Oy(y — md) + Rg(z — mn,)
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If we setw = md; x = mn,;y = md and z = mn,, then £,,%,,25, X, and B do not change since
Ay = A, = A; = A, =0, and the constraints are still satisfied. However, after the changes p. (v) # mx
so that |{v € C;NC, }| is reduced by a + b. Many other possible substitutions would increase B.

We repeat the construction until |CCxN{v: p.(v,0) = mn.}| < a + b. The construction does not affect

the conclusions of Propositions 1-4, concluding the proof.

Theorem 3: Fix mn, mx, mn., mx,, Oy, Rg, R¢, Rp, For every € > 0 there exists a dichotomous variable
X%y 7
o Blp(7)) >

Bmax —9¢ Where (1) 21 = RE(RDONrC + 1) + (RDON + T'C”); 22 = RE(ONTC + 1) + (ON + TC”)

V and (V) € H (2, mn, mx, mn,, mx,, Oy, Rg, R, Rp, 9¢) with B( (V) =

Y3 = (RpOy1. +1) + Rg(RpOpy + 1¢'); 2, = Oy + 1)+ Rg(Oy +1")

. ; r_ (RE—1)e
Proof: Given Rg,R;, Rp, € > 0 and By, Set e’ = (LT Ro)2 [(L4Re 142) R R 7 (Rat De] .Theorems 1 and 2

imply there exists g (Vy) € # (8, mn, mx, mn,, mx,, Oy, Rg, Re, Rp, 7€) such that B(§(Vx)) = Bpax —
7 and p.(X) < 7¢' where X = {v:v & (A;NCy) U (A1 NCy)}. Using X,  to X, x to denote the four sums

. = DIFETON DIFEON .
inB(p(y) = Z:ZE:: we have 4% > B, — 7e. We can write 2, x 10 £y as:

N
() Zix =mx X(pppnpc (W, 1) + qpqnpc (v, 0)) + mn L3 (pppnpe(v, ) + qpqnpc(v,0)) + ery
Zox = mx X5(@n pc(W, 1) + qupe(v,0)) + mn X3 (pype (v, 1) + qupc (v, 0)) + er,
Z3x = mn X5 (pppnpe (v, 1) + qpqnpc(v,0) + mx L3 (pppnpc(v, 1) + qpqnpc(v,0)) + ers
Zix = mn Y (pnpe(v, 1) + qupe (v, 0)) + mx X3 (pwpe (v, 1) + qupc (v, 0) + ery

where: er; = Y ex 1 W) (@ppPnpe(v, 1) + qpqnp (v, 0)) with corresponding definitions for
ery,ers,ery; py =P(N=1), qv=1—py, pp =P(D=1E=1,N=1), qp =P(D =1|E =
0, N = 0); and where 27 and =2 are sums over v € A; N Cy and v € C; N A,. The factor mx that
appears in X, y represents p; (v), since p; (v) = mx for all v € A; N Cy; justification of other factors is

similar. We have:
0 <ery = Ypexp1 Wpprnrc (v, 1) + qpqnpc(v,0)] < 7¢'RpRc(Oy + 1)qngpmng;
the same bound holds for er,, er; and ery,.

By Lemma 3, we can assume p.(v,n) = p.(v',n), forall v,v' € A; n C, and similarly for C; N A,. Thus,

letting Ny (N4/) be the number of points in 4; N Cy (C; N A4,), we can write Equations (2) as:

(B) Zix =mxNy(pppryrc(v, 1) + qpqnp:(v,0)) + mnN o (pppyp: (v, 1) + qpqnpc(v,0)) + ery



20

Zox = mxNy(pypc(v, 1) + qupc(v, 0)) + mnN 4 (pyp: (v, 1) + qyp(v,0)) + er,
I3 x = mnNy(pppnp:(v, 1) + qpqnpc (v, 0) + mxN o (pppNr: (v, 1) + qpqnp:(v,0)) + er;
Zax = mnaNy(pypc (v, 1) + qupe (v, 0)) + mxN g (pyp(v, 1) + qupc(v,0) + ey

YvPe () =1, fore = 0,1, implying: mxN, + mnN,, + &, = 1 and mnNy + mxN,, + &, = 1, where
g = Pe(X) < 7¢'. Lemma 4 quantifies [N, — N,| and provides a bound for the error if N, replaces
Ny,

(4)  Zyx = mxNy(pponvc(v, 1) + qpqnpc (v, 0)) + MmNy (pppap: (v, 1) + qpqunpc (v, 0)) + ery’
Zox = MxNy(pypc (v, 1) + qupc (v, 0)) + mxNy(pypc(v, 1) + qnpc (v, 0)) + ery’
Z3x = mnNy (PP (v, 1) + apqnpc (v, 0) + mxNy(pppapc (v, 1) + qpanpc (v, 0)) + ers’
Zyx = mnNa(Pype (v, 1) + qupc (v, 0)) + mxNy(pwpe (v, 1) + qupc (v, 0) + ery’

where er] = er; + §; and §; is the additional error due to replacing N4, with N,. §; is defined in Lemma 4

28¢’

which shows |6 | RDRC(ON + 1)quNmnC ThUS |€T | < (78 + )RDRC(ON +

)

Dgpgymn,.

Define X; = X; x — er;’. Lemma 5 shows that we can replace Z; x with X; (dropping er;’) to write

218y ZixZax
%3 EpxIzx

>
2‘* > Brax — 9¢.
3

B($(Vy)) with error bounded by < 2¢. Thus

We now re-express X, to X,. Divide X, and Z; by mnN,qpqymn, and divide X, and X, by mnN,qymn,

Pp pN max pc(v 1)

and — W|th Rp, Oy and Ry (defined previously). Replace ——

1 4

without changlng Replace

and % with 7. and r for v € A, NC, and p;(:l‘l) and p;(l”’o) with r/ and r’ for v € C;NA4,). By the

c c Nc

mxc

construction in Theorems 1-2 and Propositions 1-5, 1 < r, 1, 7., 1" < m—— R.. By Lemma 6, one of

r, 1, and one of r;, " must be at its boundary (1 or R;). We take » = 1 and r/ = 1, but each of the other

choices is handled similarly. These changes don’t affect the value of % (or B((Vy))). After the
243

divisions and substitutions, taking r = 1 and r, = 1, we can express X, to X, as:
21 =Rg(RpOy1. + 1) + Oy +7); Z; =Rpg(Oy.+ 1)+ (Oy +7)

33 = (RpOn1. + 1) + Rg(RpOy +1;"); X4 = (Oy7. + 1) + Rg(Oy +7¢")
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4

Z1, *‘Z‘“‘ However i

2,8<3,X 3,X 3

Now ZixZaR -
z

has exactly the structure of the bias for 50(172), where 172 = E,V,C,N, D with all variables dichotomous;

Rg
Rg+1

_ _ P(D=1|N=1) . _ P(N=1)
Rg+1’ "D 7 pp=1|n=0)’ "N T pn=0)

PV=1E=1)==E; P(V=1|E =0) = ; and, p.(v,n) =

P(C = c|V = v, N = n). Reflecting the definitions and construction,

2124 > Bpax — 9€, proving
3

(Vz) € H (2, mn, mx, mn.,, mx., Oy, Rg, R¢, Rp, 9¢), with B(go(Vz)) =

Theorem 3.

Lemma 4: Define X; x as in Theorem 3, and let X; x = Z; x, but with Ny, replaced by Ny; e.g.,

21 x = mxNa(popnpc (v, 1) + apanp:(v,0)) + mnNy (pppnpe (v, 1) + qpanpc (v, 0)) + ery.
If both: i) RgmnN, + mnN, + &, = 1; and, ii) mnN, + REmnNAr + &y = 1 hold with |&y|, |&1]| <

28¢r

pe(X) < 7' then: [Ny — Ny | < R—Dm

and 8 = |Zix— RDRC(ON + Dgpqymn,.

lNl — (R 1)
Proof: Multiplying both sides of Equation (ii) by R gives
(1) RgymnN4 + Rg*mnN . + Rge, = Rg. Subtracting Equation (i) from (1) and solving gives:

_ 1 _ Rpgp—&1 _ 1 £0—REg&q - ,
(2) Ny = ®erDmn  Rer-1)mn and Ny = ®ornmn T Rer—1)mn Subtracting N, from N,
£1—&g . ' . 28¢er 17
(3) Ny—Ny = —(R 27) ysince |g;| < 7€ [Ny — Ny| < Fy— and Nymn > reria—y

We now prove §; < ——RpR:(0Oy + 1)qpqymn.. Proof for i = 2,3,4 is similar. By definition

L ( 1)
1Z1x — Zixl = ImxNa(pppwpc (v, 1) + qpqnpc (v, 0)) + mnNy (pppype (v, 1) + qpqnpc(v, 0))
—mxNy(PppnPc(v, 1) + qpanpc (v, 0)) + mnNy, (pppnpc(v, 1) + qpgnpc (v, 0))|
= [Ny — Ny Imn[pppypc (v, 1) + qpqnp: (v, 0)]
= |Ny — Ny lmn[Rp Oy, + 7. [(qpgymn,)

28er
~ (Rg—-1)

because RyR-(Oy + 1) < [RpOnt,' + 1."']. The same bound holds for §,, 83, and &,.

—)RpRc(Oy +

——RpR-(0Oy + 1)gpgymn,, as claimed. The last inequality follows from (3) and

Lemma 5: Let %, %, x, er; and e be as defined in Theorem 3. If |er;| < (7¢' + — 28¢’

Z1Zs  Zix Zax

| < 2&. To simplify notation, set er; = er;’.
p¥3  Zax Z3x

1) gpgymnc, then |

Proof: The following equalities and inequalities follow from the definitions and algebraic manipulation,
and inequalities proven at the end of Lemma 5:
%y = mxNy(pppnpc(v, 1) + qpqnpc (v, 0)) + mnNy (pppnpc(v, 1) + qpqnpc (v, 0))
= mnNy[Rg(RpOnT + 1.)qpqnmn. + (Rp Oy’ + 1./ )qpqymn.]

TR X1 _ Ziten X1 I Eoter X3, Ty—erniy
2o 2, Zy+ery Z, X, (Zy+ery)
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21 ery 2q ery_erz¥q

erS.—er,y erp—ery— —er; i
=il 2= G % 2% Therefore:
2, (Zptery) Zy+ter, 1+—= 1+—=
) Z
erq 21
o €2z
z; (=2) max(|ery|lerz]) 1+Rp lery| lers| lery| |er|
o | < mandler S < (14 Rpymax (52,1520 (1 + max (521, 152
1+ 2 1 2 2 2
Z2 I
(1+Rp)e ( € ) 1 . . .
< i
S iRy 1+ TETISE = provided ——— 2(1+R E <3 The penultimate inequality
ery| ler 7Rg+21)e'RpR . 7Rg+21)e'RpR
follows from max(| l leraly < (E—)DC, shown below and choice of &’ so that ZRE+2DE RpRe
22 RE—I—(RE+1)7S RE—l—(RE+1)7S
m Slmllarly,
er,—er: Z4 €ra _ er3Z4
Zax Iy _ Zotery  Eq  IiEzteryTz-,Iz—ersi, Tt "33 33 (%3)? so that
24’;( 23 23+€T'3 23 23'}{ (23'R+€T3) Z3+€T3 1+92£
3
ery ers
=3 (23)2 max(ler3|,|6T4|) 1+Rp € |er3| |ery] (7Rg+21)e'RpR¢
L = 7 - -
| 1433 = %3 1-17sl = 14Rp’ since max( 'z, ) S Rg—1-(Rg+1)7¢'
3
er- er:
, , the same bound as for max (lzll ! 2') Finally:
1
ZaxZax Ei e (2 2__2_2_> (&M_E_lé)|
Zox Z3x 3 %3 Zox Z3x DI 22 23x 3 %3

< 2g, proving Lemma 5.

Z1x Ziny Zax | Z1 Zax  Zg €
—_— ) == — (—= — )< _
I¢ )3 4 2GS~ I9I< Ry o+ Ry

Zox Zox” Ezx Zz I3 1+Rp

Inequalities used in proof of Lemma 5:

0) |ery| < (7¢’ +288
1) Z; = mnNy[Rg(pypc(v, 1) + qupc(v,0)) + (PNPC v, 1)+ qnpc(v,0))]

+ 1)(Oy + 1)gymny;

)RDRC(ON + 1)gpqymn,, proven in Theorem 3

> mnNy(Rg + 1)(Oy + Dgymn, = (

Rg+1
!

2) ler| < ma_xlezrll < — = — __ (7Rg+21)e RDRC; < £ by
> s (RE+1 Rg-1 )(RE+1)(ON+1)qunC (RE+1 Rg- 1)(R 1 ~ Re1-(Rpt1)7e T 2(14Rp)
choice of ' and |ery| < (7¢' + ﬁ)RDRC(ON + 1)qpqumn,; <22 L7l 1enl o6 3150 bounded by ——.

22 23 23 1+Rp
12}
3) 1 < L < Rp: 2—1 = RERpONTeH DY (RpOn+t7e) o 5 \weighted average of 1 and Rp (a, b) over a =

Z; Rg(OnTc+1) +(0Oy+1")

w(1,0) =

0,1;b = 0,1: Rp(1,b) = Rp & Rp(0,b) = 1,b = 0,1, and weights: w(1,1) = RR’L

12

——0n,w(0,1) = ——1"'.. The same reasoning shows 1 < z—j < Rp.

Rg+1 +1
Lemma 6: Consider go(Vx) € H (R, mn, mx, mn,., mx., Oy, Rg, Rc, Rp, €) # ¢ such that conclusions of
Theorem 2 hold. Then 3 go(Vy) € H (X, mn, mx, mn,, mx,, Oy, R, R, Rp, €) such that for v € 4;NC,

either p.(v,n) = mn, or p.(v,n) = mx, forall v and n = 0 or 1. The same claim holds for v € C;NA,.
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Proof. This result was proven in the first part of the proofs of Theorems 1 and 2 by considering the partial

dln(B) dln(B) .

derivatives X
0pc(v,1) 0pc(v,0)

it is summarized and repeated here for convenience.
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I11. eAppendix 4. Simulation Experiment to evaluate bound and R program for simulations

We also illustrate empirically that bound Bd is valid. Thus, we conduct a series of simulations, each with

its own set of randomly generated parameters. The purpose is to empirically illustrate that the actual bias

approaches, but doesn’t exceed Bd. We assess bound Bd’s performance and “tightness”, measured as the

difference between the expected bias and Bd, under our simulation conditions. We consider scenarios in

which V and N has either 2, 3, 4 or 5 categories; E, and D are dichotomous; and, we select or condition on

C = c, consistent with the causal structure in Figure 1C. We randomly generate parameters for the

probability functions in bias expression (3) (eTable A13; R program just below). For each set of

parameters generated, we calculate the bias according to Equation 3 (main text), the values of Rg, R and

R, the bound Bd (Equation 4), and compare the ratio of the bias to the bound. The purpose isn’t to

assess the magnitude of bias for plausible parameters (some combinations are extreme), but rather to

empirically demonstrate validity — for any parameter combination. Examples 1-8 of the main text utilize

only a restricted range of parameters.

eTable A13. Summary of random Parameter generation for simulation study

Distribution

Model for generating Parameters

PIN=n)=nyun=1.,N;0<my,; XN _ my,=1

Dirichlet (N, @y, .., ay); ay =

P(C =c|lV=vN =Tl) =Teyny V=

Tevn <1

L,...V,n=1,.,,N;0<

Teyn = expit(ﬂv + .Bn + Bv,n)
where B, B, By n~MVN

POD=1E=0N=n)=mnp,;n=1,..,.N;0<m,, <1

Tpn = expit(y,), where
Yu~N(0,dim (N)™1)

PWV=vE=€)=myov=1,.,V,E=01; 0 < e Ny My, = 1

- . 1
Dirichlet(V, ay ., s @y o) Ave =3

tbias in the standardized RR, with the exposed as the standard does not depend on P(D = 1|E = 1, N = n), see Equation (3);

main text. tabsent further constraints, Ry = max, .

Tve_\was less than 100.

Ty,1-e

that max,, .

Tve

TTy,1—e

was often exceedingly large (e.g., > 10%), so we used constraints so

As summarized in eTable Al4, we simulate bias over a wide range of bound parameters (Rg, Rp and R;).

In ten scenarios collectively including over 1,000,000 simulations, the actual bias never exceeded Bd.

Furthermore, the bias was close to the bound in each scenario for at least some parameter values. The

maximum simulated bias was slightly less than Bd in scenarios seven and ten, perhaps because the

parameter-space dimensions were larger than for other scenarios and our simulations may have left some

parts incompletely explored. By design, large parameter combinations aren’t excluded to evaluate empiric

validity for a wide range of situations.
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eTable Al4 Description of Simulation Results, and Ratiot of Largest Bias to Bound Observed in each
simulation Scenario (Rg, Rp, R as defined in Equations 5)".

Scenario* | Dim | Covariance Rp £ Rp R Bd Ratio 1
M,N | (muCovin | median, median, median, median, max(bias/Bd)
program) max max max max

1 2,2 |4 7.204, 1.554, 1.045, 1.005, 1
100.000 58.469 10.073 2.582

2 2,2 |2 7.204, 1.554, 1.314, 1.028, 1
100.000 58.469 53.854 6.765

3 2,2 |1 7.204, 1.554, 1.766, 1.057, 0.9999999
100.000 58.469 120.019 9.412

4 2,2 |0 7.204, 1.554, 2.667, 1.095, 0.9999998
100.000 58.469 227.381 10.998

5 2,2 |-1 7.204, 1.554, 4.043, 1.130, 0.9999997
100.000 58.469 457.327 12.452

6 2,2 | -2 7.204, 1.554, 5.605, 1.154, 0.9999997
100.000 58.469 841.442 14.166

7 3,3 |0 13.111, 2.132, 4.861, 1.438, 0.9993791
100.000 57.857 1172.693 15.467

8 4,2 |0 15.594, 1.560, 4.403, 1.239, 0.9999902
100.000 56.406 719.145 14.439

9 2,4 |0 7.230, 2.600, 4.380, 1.370, 0.9999985
100.000 57.647 1071.381 18.981

10 55 |0 17.358, 2.987, 9.478, 2.084, 0.9707631
100.000 74.171 809.786 36.008

'R program for simulations in this online Supplement below. *Each Scenario included 100,000 simulations. $Max Ry ~100 in each Scenario, due
to constraints. + Maximum ratio of bias to upper bound (Bd),.

#Supplemental Material, R program to simulate performance of Bound Bd.
#M Bias: E<---V --->C<---N --->D #in equations use P(M=m|E=e)

# Evaluate lower Bound as well (RatioL should be >= 1)

# Non-Null

library (MASS) #for mvn

library (MCMCpack) #Dirichlet density: rdirichlet(n, alpha)
expit=function(x){exp(x)/(1+exp(x))} #expit(0)

set.seed(77373)
HitHHHHHE set the input parameters for scenarios 1-10 #HHt#HEHHHHHH

NSim = 100000

W=0
DimM=2

#<---Set the seed, if desired for repeatability

#<---Set Number of simulations (100,000 for Tables)
#<---Set the standard: W=1 for E+, W=0 for E-, or e.g. 0.5 for P(E)=0.5

#<---Set dimiensions of M, N
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DimN=2

DimMx =max(DimM, DimN)  #<---used to create covariance matrix

muCov =rep( 4, DimMx)  #<-- the Covariance for interaction parms, M x N --> C

# Include Above: DimM, DimN, muCov in Table (muCov sets the average covariance of the M-effect

and N-effect on C, logit scale)

# Other parameters, no need to change for different scenarios

Covl =matrix(rep( 0, DimMx"2), nrow=DimMx) # CovarMatrix for interzction parms
muC1
muC2
muD =  rep(0, DimN) # Mean, parms for efffect of each N-category on D

L1 =sqrt(100) #< -- Set Approx limit on simulated max P(M=m|E=1)/P(M=m|E=0). Can increase to
L172

rep( 0, DimM ) # Mean, parms for efffect of each M-category on C

rep( 0, DimN ) # Mean, parms for efffect of each N-category on E

#  after normalize.
SigC1=diag(DimM )
SigC2= diag(DimN )
SigD = diag(DimN ) #used w/ muD in mvrnorm to get D parms

alphMO = rep(1/DimM, DimM)  #<-- use to generate M-parms for E=0, M=V in m/s
alphM1 = rep(1/DimM, DimM)  #<-- use to generate M-parms for E=1, M=V in m/s
alphN = rep(1/DimN, DimN)

Save =NULL #Initialize
SaveM =NULL

ratio =NULL

ratioL=NULL #use for lower bound

# use following to describe simulation conditions

mxRe =0

mxRd=0

mxRc=0

mxOn=0

mxBd=0

for (k in 1:NSim){ #simulation loop: each simulation in Table = 100,000
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# -- get parms for P(M=m|E=e) --
parmMZ1=rdirichlet(1, alphM1) #<-- parms for P(M=m|E=1), M=V in m/s
parmMO=rdirichlet(1, alphMO0) #<-- parms for P(M=m|E=0), M=V in m/s
for (kk in 1:length(parmM1)) { #
if (parmM1[kk] >= L1*parmMO[kK]) {parmM1[kk]=L1*parmMO[kK]}
if (parmMO[kk] >= L1*parmM1[kk]) {parmMO[kk]=L1*parmMZ1[kk]} # limit to ratio of 1000
} #rbind(parmM1[1:8], pM1[1:8], pMO[1:8], pM1[1:8]/pMO[1:8])

parmM1=parmM1/sum(parmM1) #normalize parmM1, parmMO
parmMO=parmMO0/sum(parmMO0)

# -- get parms for P(N=n) -- #
parmN=rdirichlet(1, alphN) #N parameters

# -- get parms for M-->C
parmCl=mvrnorm(n = 1, muC1, SigC1, tol = 1le-5, empirical = FALSE, EISPACK = FALSE)

# -- get parms for N-->C

parmC2=mvrnorm(n = 1, muC2, SigC2, tol = 1le-5, empirical = FALSE, EISPACK = FALSE)
#-COV

parmC12=mvrnorm(n=DimMx, muCov, Covl, tol = 1e-5, empirical = FALSE, EISPACK = FALSE)

# -- get parms for N-->D
parmDN =mvrnorm(n = 1, muD, SigD, tol = 1le-5, empirical = FALSE, EISPACK = FALSE)
parmDNI=mvrnorm(n = 1, muD, SigD, tol = 1le-5, empirical = FALSE, EISPACK = FALSE)
#interaction w/E

parmDE=rnorm(n =1, 1, 1) # main effect of E

S1=0 #initialize sums

S2=0

S3=0

S4=0

S5=0 #used for SRR, E+ is std
S6 =0 #used for SRR, E- is std

mxM =0 #initialize max, min
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mnC =1

mxC =0

mxD1=0

mnD1=1

mxD0=0

mnDO0=1

for (i in 1:DimM){ ##i=1

for (j in 1:DimN){
M1=c(rep(0,max(0,i-1)), 1, rep(0, max(0,DimM-i)) ) #value M1, or =rmultinom(1, 1, alphM)
pMO0=M1 %*% t(parmMO0) #Prob (M=i|E=0)
pM1=M1 %*% t(parmM1) #Prob (M=i|E=1)

N=c(rep(0,max(0,j-1)), 1, rep(0, max(0,DimN-j))) #value N; or =rmultinom(1, 1, alphN)
pN=dmultinom(N, size = 1, parmN) #Prob (N=j)

# -- get probs for M,N-->C, includes interaction terms for M,N-->C (parmC12)
pC1 = dbinom(1, 1, expit(0+ M1%*%parmC1 + N%*%parmC2 + parmC12[i,j])) #p(C=1| M=i, N=j)

pDO0 = dbinom(1, 1, expit(0 + t(N)%*%parmDN ) ) #p(D=1| N=j,E=0)
pD1 = dbinom(1, 1, expit(0 + t(N)%*%parmDN + parmDE + t(N)%*%parmDNI)) #p(D=1| N=j,E=1)

S1=S1+ pM1*pN*pC1l*pD1
S2= S2+ pM1*pN*pC1l
S3 = S3+ pMO0*pN*pC1*pD0
S4= S4+ pMO*pN*pC1l
S5 = S5+ pM1*pN*pC1*pD0
S6 = S6+ pMO*pN*pC1l*pD1

#Use Equation 5: Re = max(m,e) {P(M=m|E=¢e)} /min(m,e) {P(M=m|E=¢e)}

# Rd = max(P(D=1|n=n)/min(P(D=1|n=n")

# Rc = max(m,n {P(C=1|M=m, N=n)} /min(v,n {P(C=1|M=m, N=n)}
mxM=max(mxM, pM1/pM0, pM0/pM1 )

mnC=min(pC1, mnC)

mxC=max(pC1, mxC)
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mxD1=max(pD1, mxD1)
mnD1=min(pD1, mnD1)
mxD0=max(pD0, mxD0)
mnDO0=min(pD0, mnDO)
1} #foriyj #end loops over i,

Re = mxM

if (0 <W && W< 1) {Rd= max(mxD0/mnD0, mxD1/mnD1)} #all selected, pE=W

if (W==1) {Rd= mxD0/mnD0} #exposed is std
if (W ==0) {Rd=mxD1/mnD1} #unexposed is std
Rc=mxC/mnC

if ( Re <= 1000000000000000000){ #only do calculations if R not very large

On =sqrt( 1/Rd)

Bd =
(Re*(Rd*On*Rc+1)+(Rd*On+Rc))*((On*Rc+1)+Re*(On+Rc))/(((Rd*On*Rc+1)+Re*(Rd*On+Rc))*(R
e*(On*Rc+1)+(0On+Rc)))

#sSRR = S1/S5 #Standardized Risk Ratio, E+ = std

#SRR = S6/S3 #Standardized Risk Ratio, E- = std

SRR = (W*S1+ (1-W)*S6)/(W*S5+(1-W)*S3)

B=(S1*S4/(S2*S3))/sRR #true Bias, calculated directly from expected values
ratio = rbind(ratio, B/Bd) #ratio: true bias/bound = ?distance? between Bound & actual bias
ratioL= rbind(ratioL, B/ (1/Bd))  #look at lower bound too, should be >=1
Save=rbind(Save, c(Bd, Re, Rd, Rc)) #describe the conditions simulated
mxRe =max(mxRe, Re)
mxRd =max(mxRd, Rd)
mxRc =max(mxRc, Rc)
mxBd=max(Bd, mxBd) # keep track of largest Bd
} #end if Re not too large
} #end Simulation loop

c(mxBd, mxRe, mxRd, mxRc, length(ratio))
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#histogram, if desired

#hist(ratio, breaks=c(0,.1,.2,.3,.4, .5,.6,.7,.8,.9,1.0, 1.1)) #, plot=TRUE, title=Title)
Bdd = Save[,1]

Bd_g=quantile(Bdd, probs=c(0.25, 0.50, 0.95)) #25, 50 and 95 percentile for Bdd
Re = Savel[,2]

Re_g=quantile(Re, probs=c(0.25, 0.50, 0.95)) #25, 50 and 95 percentile for Re
Rd = Save[,3]

Rd_g=quantile(Rd, probs=c(0.25, 0.50, 0.95)) #25, 50 and 95 percentile for Rd
Rc = Savel[,4]

Rc_g=quantile(Rc, probs=c(0.25, 0.50, 0.95)) #25, 50 and 95 percentile for Rc

Hommmmmm e output, e.g., Table 2, main text (along with dim M x N, muCov) #
Results =rbind(c(Bd_g, max(Bdd)), c(Re_g, max(Re)), c(Rd_g, max(Rd)), c¢(Rc_g, max(Rc)))  #Row
1=Bd, Row 2=Rd, Row 3 =Rc

colnames(Results)[4]="max’

rownames(Results)=c('Bd','Re','Rd','Rc")

Results
max(ratio) #maximum of Ratio, should not be > 1
min(ratioL) #for Lower Bound, should not be < 1

#getOption("digits")
#options(digits=8)

IV. eAppendix 5. Comparison of Bd with Bound Assuming Homogeneity.

We compare bound Bd with the bound derived by Greenland{Greenland, 2003 #46} under a
homogeneity assumption (Bdy). Here, we consider only dichotomous variables, causal relationships
consistent with Figure 1C (main text) and no true exposure effect, the situation considered by Greenland.
Greenland used odds ratios to measure the strength of association between variables (Figure 1C) in Bdy,,
whereas we use risk ratios (Equations 5, main text). To compare Bdy with Bd and evaluate robustness,

we calculate odds ratios for each risk ratio in Equation 5, assuming specific frequencies for D, C and V:

P(C=1|V = 1,N = n) = 0.000001, P(V = 1|E = 1) = %Z_ and P(D = 1N = 0,E = 0) =
E

0.000001, choosing this last value as it illustrates the largest differences we identified between Bd; and

Bd. [Differences for other values tend to be smaller.] We set parameters for the strength of association
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between variables in Figure 1C using risk ratios (Equation 5) and then calculate the corresponding odds
ratios (Equation 6, main text; Table A13, line 1) used in Bdy.

P(V=1|E=1) P(V=0|E=0)
P(V=0|E=1) P(V=1|E=0)’

_ P(C=1|v=1,N=n) P(C=0|V=0,N=n)

(6) OR= ORcyn = P(C=0[V=1,N=n) P(C=1|V=0,N=n)’

n=201;

_ P(D=1|N=1) P(D=0|N=0)

_ P(C=1|V=v,N=1) P(C=0|V=v,N=0)
~ P(D=0|N=1) P(D=1|N=0)’

OR =
CNY ~ p(c=0|v=v,N=1) P(C=1|V=v,N=0)’

ORp =0,1

Finally, we calculate the bias expected in the observed risk ratio using Expression (3) and the theoretical
bound Bd (Expression 4) which gives an approximate bias and bound for the risk odds ratio (ROR) for
rare disease.

Under Greenland’s homogeneity assumption, OR = ORp = ORcy, = ORcy 4, forn,v =0,1. To
evaluate sensitivity to this assumption, we consider an extreme violation (less extreme situations are
considered in examples in the main text) wherein OR = ORp = OR¢y =1 = ORcyn=1 > 1, but
ORcNv=0 = ORcyn=0 = 1/O0Rcyn=1, and used the maximum of these odds ratios in the expression for
Bdy. As summarized in eTable A15, the expected bias (Equation 3) in the observed ROR can be
substantially larger than Bdy if the homogeneity assumption is incorrect. For example, suppose all the
odds ratios in expression (6) were between % and 4: OR = ORp = OR¢y =1 = ORcyn=1 = 4, but
ORcnv=0 = ORcyn=o = 1/4. The maximum bias if all ORs were 4 (homogeneity) is 1.05, but the bias is
as large as 1.31 absent homogeneity (all ORs between ¥ and 4) - a potentially important exceedance of
the bound. The actual bias did not exceed Bd.

eTable A15 Summary Comparison of bound incorrectly assuming homogeneity with Bd

Value of OR (maximum strength of effects | 2.00 4.00 8.00 16.00°
of biasing variables, Equation 6)

Actual Bias in ROR (Equation 3) 1.04 1.31 2.05 3.73
Bound for ROR (Bd; Equation 47) 1.04 1.31 2.05 3.73
Bound for ROR under incorrect 1.003 1.05 1.23 1.69
assumption of homogeneity+

TEquation 4 gives bound for the bias in the standardized risk ratio which is an approximate bound for the standardized risk odds
ratio because disease is rare (P(D = 1|N = 0,E = 0) = 0.000001). #Bound derived by Greenland under homogeneity
assumption that OR = OR; = OR¢y, = ORcp,, (Equation 6). SExample of probabilities yielding maximum odds ratio of 16.00:
P(V=1|E=1) = 0.8, P(V=1|E=0) =~ 0.2, P(D=1|E=0, N=1) = 0.000016, P(D=1|E=0, N=1) = 0.000001, P(C=c|V=1, N=1) =
P(C=c|V=0, N=0) = 0.000016, P(C=c|V=0, N=1) = P(C=c|V=1, N=0) =~ 0.000001, P(N=1) =0.2; homogeneity fails, since
ORcyn=1 = 16 but ORcy =0 = 1/16 yielding Bound = 1.69 if the maximum OR is used. Here, Ry = R; = Rp = 16 50

Bd =~ 3.73.

V. eAppendix 6. R code to Calculate Bias (Equation 3) and Bounds.
# Program to Calulate: 1) Expeect Bias, based on Equation, and 2) Bound Bd and Bd_H
logit= function(x){log(x/(1-x))}
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expit= function(x)(exp(X)/(1+exp(x)))
# Variables, Coding (Liu's SSRI example):
# SSRI = selective seritonin reuptake inhibitor
# V=1 for depressed, 0 otherwise; it affects CAD, and SSRI use
# C=1ifno CAD & volunteer to participate, 0 otherwise
# N=1if smoker, 0 otherwise. It that affects participation & Disease, like Lung Cancer
al =rep(0,4) #initialize certain paramters to be input
bet=rep(0,3) #initialize certain parms
#Parameter Input
p_V =0.25 #<--- marginal prevalence of Depression
p_E =0.10 #<--- marginal prevalence of SSRI (Exposure)
OR =27  #odds ratio for SSRE - Depression Association (Liu uses OR's, convert to RRs

p_N=0.10 #<--- marginal prevalence of Smoking

#logistic model parms for CAD, the collider (as per Liu's example)

al[1] = logit(0.076)  # logit( Prob(CAD=1| V=0, N=0) )

al[2] = log(1.6) # Log(OR), CAD - Depression| Smoking =0

al[3] = log(3.) # Log(OR), CAD - Smoking| Depression =0

al[4] =log(1.) # Log(OR), Depression, Smoking "interaction", logistic model
#Refusals: P(Refuse|V=0, N=0)/ P(Refuse|V=1, N=0)/ P(Refuse|\V=0, N=1)/ P(Refuse|V=1, N=1)/
g=c(.50,.51,.51,.85) #set qto c(0,0,0,0) if no refusals

q=¢(0,0,0,0)

#Parms for outcome D= LungCancer

bet[1] = logit(0.0037)

bet[2] = log(1.0) #SSRI

bet[3] = log(15.0) #smoking

T =1000

M1 =p_V*T # Depression

N1 =p_E*T #SSRI (Exposure)
N2 =T-N1

M2 =T-M1
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b = OR*(M1+N1) + M2-N1 #from 2x2 Table: total 1000, margins: SSRI+=100, Dep=250
a=-OR +1
c=-OR*M1*N1

x1 = (-b + sqrt(b"2-4*a*c))/(2*a)
X2 = (-b - sqrt(b"2-4*a*c))/(2*a)
c(x1,x2)

aa=x1 #use the solution
#aa= 70

bb =M1 -aa

cc=N1-aa

dd = N2-M1+aa

aa*dd/(bb*cc)

aa+bb

aa+cc

c(aa,bb,cc,dd, aa*dd/(bb*cc))

RREUL = (aa/N1)/(bb/N2) #P(V=1|SSRI=1) / P(V=1|SSRI=0
RREU2 = (cc/N1)/(dd/N2) #P(V=0|SSRI=1) / P(V=0|SSRI=0)
c( aa/(aa+cc), bb/(bb+dd), cc/(aa+cc), dd/(bb+dd) )

HiHHEHE EStimate the Bias ###HHHHHHEHHHH

##pV=function(v){ p_V*v+ (1-v)*(1-p_V)}
pN=function(n){ p_N*n+ (1-n)*(1-p_N)}
c(pN(1),pN(0))

pV_E=function(v, e){ #Prob (V=1 | E=e), for convenience
if(v==1 && e ==1) {p=aa/N1}
if(v==1 && e ==0) {p= bb/N2}
if(v==0 && e ==1) {p=cc/N1}
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if(v==0 && e ==0) {p= dd/N2}
p}
c(pV_E(1,1), pV_E(1,0), pV_E(0,1), pV_E(0,0))

pC_VN= function(c,v,n){
p=expit(al[1]+al[2]*v+al[3]*n+al[4]*v*n)
#Now account for possible Refusals: prob refuse| no CAD, & Depr, Smoking status
if (v==0 && n==0){p=p+a[1]*(1-p)}
if (v==1 && n==0){p=p+a[2]*(1-p)}
if (v==0 && n==1){p=p+q[3]*(1-p)}
if (v==1 && n==1){p=p+a[4]*(1-p)}
p=c*p + (1-c)*(1-p)
P}
c¢(pC_VN(1,1,1), pC_VN(1,1,0), pC_VN(1,0,1), pC_VN(1,0,0))
c¢(pC_VN(0,1,1), pC_VN(0,1,0), pC_VN(0,0,1), pC_VN(0,0,0))

pD_EN= function(e,n){
expit(bet[1]+bet[2]*e +bet[3]*n) }
c(pD_EN(0,1), pD_EN(0,0))

#get Bias B

#stratum w/ C=1

S11=0

S12=0

S13=0

S14=0

for (vinc(0,1)) {

for (ninc(0,1)) {
S11=S11 + pN(n)*pV_E(v,1)*pC_VN(1,v,n)*pD_EN(O,n)
S12=S12 + pN(n)*pV_E(v,0)*pC_VN(1,v,n)*pD_EN(0O,n)
S13=S13 + pN(n)*pV_E(v,1)*pC_VN(1,v,n)
S14= S14 + pN(n)*pV_E(v,0)*pC_VN(1,v,n)
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3}

c(S11,513,512,S14)

B1=S11*S14/(S12*S13)

OB1 = ((S11/S13)/(1-(S11/513)))/((S12/S14)/(1-(S12/S14))) #Odds Ratio
B1 #Bias in statrum: C=1

#Now, stratum w/ C=0

S1=0

S2=0

S3=0

S4=0

for (vinc(0,1)) {

for (ninc(0,1)) {
S1=S1 + pN(n)*pV_E(v,1)*pC_VN(0,v,n)*pD_EN(O,n)
S2=S2 + pN(n)*pV_E(v,0)*pC_VN(0,v,n)*pD_EN(0,n)
S3=S3 + pN(n)*pV_E(v,1)*pC_VN(0,v,n)
S4=S4 + pN(n)*pV_E(v,0)*pC_VN(0,v,n)

3

B0=S1*S4/(S2*S3)

OBO = ((S1/S3)/(1-(S1/S3)))/((S2/S4)/(1-(S2/S4))) #Odds Ratio

BO

# - now get parms needed to calculate bounds --------- #

Re = max(RREUL, RREU2, 1/RREU1, 1/RREU2)

c¢(RREU1, RREUZ2, 1/RREU1, 1/RREU2)

Rd = max(pD_EN(1,1),pD_EN(0,1),pD_EN(1,0),pD_EN(0,0)) #Smoking Effect on outcome(lung
cancer)

Rd =Rd/min(pD_EN(1,1),pD_EN(0,1),pD_EN(1,0),pD_EN(0,0))
Rcl=max(pC_VN(1,1,1),pC_VN(1,0,1),pC_VN(1,1,0),pC_VN(1,0,0))
Rc1=Rc1l/min(pC_VN(1,1,1),pC_VN(1,0,1),pC_VN(1,1,0),pC_VN(1,0,0))
RcO=max(pC_VN(0,1,1),pC_VN(0,0,1),pC_VN(0,1,0),pC_VN(0,0,0))
Rc0=Rc0/min(pC_VN(0,1,1),pC_VN(0,0,1),pC_VN(0,1,0),pC_VN(0,0,0))
Rc=max(Rcl, RcO)  #make sure apply relevant Rc: RcO for C=0
Rc=Rc0
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c(Re, Rd, Rcl, Rc0, Rc)

#i#HH##H Calculate the Bound

Bd = (Re*(sgrt(Rd)*Rc +1)+ (sqrt(Rd)+Rc) )* ((Rc/sgrt(Rd) +1)+ Re*(1/sqrt(Rd)+Rc) )
Bd=Bd/(( (sgrt(Rd)*Rc +1)+ Re*(sqrt(Rd)+Rc) )* (Re*(Rc/sgrt(Rd) +1)+ (1/sqrt(Rd)+Rc) ) )

Bd ##NB: Bound for RR, if disease rare, approx Bound for OR

#now, get Bd_H, use largest OR if not uniform

R=aa*dd/(bb*cc) #Star with OR for SSRI, depression (V)

ORCV1= (pC_VN(1,1,1)/pC_VN(0,1,1))/(pC_VN(1,0,1)/pC_VN(0,0,1))

ORCVO0= (pC_VN(1,1,0)/pC_VN(0,1,0))/(pC_VN(1,0,0)/pC_VN(0,0,0))

ORCN1= (pC_VN(1,1,1)/pC_VN(0,1,1))/(pC_VN(1,1,0)/pC_VN(0,1,0))

ORCNO= (pC_VN(1,0,1)/pC_VN(0,0,1))/(pC_VN(1,0,0)/pC_VN(0,0,0))

ORD = (pD_EN(1,1)/(1-pD_EN(1,1)))/(pD_EN(1,0)/(1-pD_EN(1,0)))

R=max(R, 1/R, ORCV1, 1/ORCV1, ORCV0, 1/ORCVO0, ORCN1, 1/ORCN1, ORCNO, 1/ORCNO,
ORD)

OR_H=((R"2+6*R+1)"2)/(16*R*(R+1)"2)

¢(OR_H,R,aa*dd/(bb*cc),ORD, 1/ORD, ORCV1, 1/ORCV1, ORCVO0, 1/ORCV0, ORCN1, 1/ORCN1,
ORCNO, 1/ORCNO)

c(Re, Rd, Rc, Rcl, Rc0, R)  #Parameters used to calculate Boutnd and Bd_H
c(B1, OB1, B0, OBO0, Bd, OR_H) #Bias for stratum =1, for Stratum=0, Bound for stratum=0 and Bd_H

out=as.list( ¢(BO, 1/Bd, Bd, 1/OR_H, OR_H))
names(out)=c("bias,C=0", "Lo Bound", "Up Bound", "Lo Bd_H", "Hi Bd_H")

out
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