
 

 

eAppendix  

Detailed mathematical derivation: 

Let E, U, M and D be four random variables with 

U DE

M
 

Suppose the linear models among them are: 

 
 

 

 

 
 

Assume we have E ~ N (µE, 2
Eσ ), εU ~ N (0, 2

Uσ ), εM ~ N (0, 2
Mσ ) and εD ~ N (0, 2

Dσ ), where 
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Correlation between E and M 

Therefore 

   M  =  αM + βM(αU + βUE + εU) + εM 

         =  αM + βMαU + βMβUE + βMεU + εM 

         =  α'M + β'ME + ε'M,      (1) 

where 

    α'M  =  αM + βMαU, 

    β'M  =  βMβU, 

    ε'M  =  βMεU + εM. 
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Therefore, we have 

  cov (M,E)  =   βM βU σE σM, 

  cov (M,U)  =   βM σU σM, 

  cov (M,D)  =   
D

M

β
β σD σM. 

Correlation between E and D 

Consider the correlation between E and D. 

 D  =  αD + βD(αU + βUE + εU) + εD 

       =  αD + βDαU + βDβUE + βDεU + εD 

       =  α'D + β'DE + ε'D,       (3) 

where 

    α'D  =  αD + βDαU, 

    β'D  =  βDβU, 

    ε'D  =  βDεU + εD. 
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Therefore, we have 

cov(D, E)  =   βMβUσEσD, 

   cov(D, U)  =   βMσUσD, 

   cov(D, M)  =   
D

M

β
β σMσD. 

Conditional covariance of E and D given M 

      cor(E, D)  =  β'D 

             =  βDβU 
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  cov(E, D| M)  =  E[ED|M] – E[E|M]E[D|M] 

According to section 1 and 2 

   M  =  α'M + β'ME + ε'M 

 E  =  
M

M
β
α '

−  + '
M

M
β

+ '

'

M

M

β
ε  

 D  =  α''D + β''DM + ε''D, 

   E[E|M]  =  
M

M
β
α

−  + '

1

Mβ
M 

              E[D|M]  =  α''D + β''DM 

                      E[ED|M]  =  E[(
M

M
β
α '

−  + '
M

M
β

+ '

'

M

M

β
ε )( α''D + β''DM + ε''D)|M] 

Since 0]|[ =′ ME Mε  and 0]|[ =′′ ME Dε ,  

MMMMMDEMEE
M

D

M

D

M

DM

M

DM |]|[*]|[
2

β
β

β
α

β
βα

β
αα

′
′′

+
′
′′

+
′′′

−
′′′

−= , we have  

     E[ED|M] – E[E|M] E[D|M]  =  E[– '

'

M

M

β
ε ε''D |M] 



       =  E[(
UM

MUM

ββ
εεβ +

− )(εD 
D

M

β
β

− εM) |M] 

    =  E[
UDββ

ε 2
M |M]  

    =  
UD

M

ββ
σ 2

 

   var(E|M)  =  2' )(
1

Mβ
var(ε'M) 

         =  22

222

UM

MUM

ββ
σσβ +

 

   var(D|M)  =  var( "
Dε ) 

                   =  є2
D + 2

2

M

D

β
β  2

Mσ  

Therefore 

bias = cor(E, D| M)  – cor(E, D) = 
22

2

22

22

222

2

MD
M

DM

UM

MUM

DU
M

σσ
β
βα

ββ
σσβ

ββ
σ

++
– βDβU    (5) 

The second model 

Let E, U, M and D be four random variables with. 

U DE

M
 

Suppose the linear models among them are: 

   U  =  αU + βUEE +βUMM + εU, 

   D  =  αD + βDU + εD, 

Assume we have E ~ N (µE, 2
Eσ ), M ~ N (µM, 2

Mσ ), εU ~ N (0, 2
Uσ ), εM ~ N (0, 2

Mσ ) and εD ~ N 

(0, 2
Dσ ), where µE, 2

Eσ , µM, 2
Mσ , 2

Uσ , and 2
Dσ are known. 

µU  =  αU + βUEµE +βUMµM, 

µD  =  αD + βDµU   

Var (U) =  β2
 UEσ2

E + β2
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M + 2
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Var (D) =  β2
 Dσ2
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Dσ . 



Therefore 

  D  =  αD + βD(αU + βUEE +βUMM + εU)  

       =  α'D + β'DEE + β'DMM +ε'D, 

where 

    α'D  =  αD + βDαU, 

    β'DE  =  βDβUE, 

    β'DM  =  βDβUM, 

    ε'D  =  βDεU + εD. 

The third model 

Let E, U, M and D be four random variables with 

U DE

M
 

Suppose the linear models among them are: 

   U  =  αU + βUEE +βUMM + εU, 

   D  =  αD + βDEE +βDUU + εD. 

Therefore 

D  =  αD + βDU(αU + βUEE +βUMM + EU) +βDEE + εD 

          =  αD + βDUαU + (βDE +βUEβDU)E + βUMβDUM + βDUεU + εD 

            =  α'D + β'DEE + β'DMM +ε'D, 

where 

    α'D  =  αD + βDαU, 

    β'DE  =  βDE + βUEβDU, 

    β'DM  =  βUMβDU, 

    ε'D  =  βDMεU + εD. 

 

 


