eAppendix
Detailed mathematical derivation:

Let E, U, M and D be four random variables with

E—»U——»D

v

M

Suppose the linear models among them are:

U=g, +p, E+¢
M=ay, + By U+eéy
D=ay+f, U+gp
Assume we have E ~ N (ug, o2), eu ~N (0, ), em~N (0, oy, ) and ep ~ N (0, &), where
ug, oz, o, oy ,and o are known.
_ a2 2 2
Var(U) = B uo E+ oy,
Var(M) = B’ mo’u + €M = Bup’uo’e + Bome’y + oy »
Var(D) = B’po’y +€’p = p’pp’uo’n + Poe’u + op .

Correlation between E and M

Therefore
M = am + Bm(au + BuE + eu) + em
= am t Bmou + PMPUE + Pmeu + em
= a'm + B'ME + &'y, (D
where

a'mM = om T Pmou,
B'm = PmPu,
e = Pmeu Tt em.

Similarly, since



U = aD+LD_8_D

B By By

aD-{—LD _g_D)+8M

M = aM—i_BM(_T ﬂ ﬂ

(IM+ BM(f%R)"_ ﬂ—MD —'B—MSD+ EM
D D D

— (l"M"‘ B”MDJ’_SHM,

where
o" = Qo _aDﬁM ,
Po
B"M = ﬁ_M’
Po
e'M = &m —'B—MSD
Po

Therefore, we have
Ccov (M,E) = BM BU OE OM,
cov(M,U) = Bmouowm,

cov(M,D) = &GDGM-

fo
Correlation between E and D

Consider the correlation between E and D.
D = ap+ Bp(ay + PuE + euy) + &p
= ap* Ppay + PoPuE + Ppeu + &b
= a'p + B'pE + €,
where
a'p = ap + Bpay,
B'p = BoPu,
e'p = Ppeu t €p.

D = aD+BD(—aM +LM _g_M)+8D

Pu Bu PBu

Pu” Bu B

— (1"D+ B”DM+8"D,

)

2)

(4)



where

a
(XHD = op — MﬂD ,
P
BHD — IHD ,
P
8"[) = &p ——'BD EM
P

Therefore, we have
cov(D, E) = BmBuokop,

cov(D,U) = PBmouop,

cov(D, M) = lli_MGMGD-

D

Conditional covariance of E and D given M

cor(E, D) = B'p
= BpPu
= ___covEDM)
cor(E, D|M) = e Joar O

cov(E, D| M) = E[EDM] - E[EM]E[DM]
According to section 1 and 2

M=oyt B'ME + &'m

D = (X"D+ B"DM+8"D3

E[EM] = %% + ﬂLM

E[DM] = a"p + "M

E[EDIM] = E[(- §» + ﬁﬂw EM) g+ BoM + ') M]

Since E[g,, [M]=0 and E[¢}, |[M]=0,

’ " ’ " " 2 pon
aMaD_aMﬂDM +MaD+M ot

E[E|M]*E[D|M]=- : 70 | M, we have
B P Bu B

E[ED|M] — E[E]M] E[D|M] = E[—;—"\,"S"D IM]

M



ﬂM EU +5M BM
= E[(- - M
[( 5. 7 )(ep 5. em) M]

= E[ IM]

var(E[M) =

var(DIM) = var( e )

— €2D + _zD G'?A
M
Therefore
o _ pu
bias = cor(E, D| M) — cor(E, D) = — BpPu (5)

Buod +om 2, amBd 2
J RR J“D* g Om
The second model

Let E, U, M and D be four random variables with.

E—»U—»D

?

M

Suppose the linear models among them are:
U = ay+ PueE +pumM + ey,

D

ap + BpU + ep,
Assume we have E ~N (ug, 672), M~N (um, oy ), 8u~N (0, o2 ), em~N (0, oy ) and ep ~ N
(0, o2), where pg, o2, um, oy . 0, and o are known.

pu = oyt Buete HPumim,
up = op+ Pppu

2 2 2 2
Var (U) = B’ upo’s + Bumo'm + oy ,

Var (D) = B*po’y + ol



Therefore
D = ap+ Bp(au+ PueE +pumM + €u)
= a'p + B'peE + B'omuM +€'p,

where

a'p = op + Ppav,

B'pE = PBoPue,

B'om = BoPum,

€'p = Ppeu * p.

The third model

Let E, U, M and D be four random variables with

E— U—»D

?

M

Suppose the linear models among them are:

U = oay+ PueE +PumM + e,

D = ap+ BpeE +PpuU + ep.
Therefore
D = ap+ Bpu(ou + PueE +BumM + Eu) +PpeE + ep
= op+ Ppuau+ (Boe +PuePpu)E + PumPouM + Ppueu + &
= o'p + B'peE + P'omMM +e'p,
where

a'p = ap + Ppoy,
B'oe = Poe * PuePpou,
B'om = PBumPBou,

€'p = Pomeu t €p.



