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For exposure A, mediator M and outcome T, let M(a) and T'(a) = T'(a, M(a)) define the coun-
terfactual mediator and outcome had exposure taken value a. Likewise, let T'(a,m) define the
counterfactual outcome had exposure and mediator taken the value a and m, respectively. Finally
let T'(a, M(a*)) denote the counterfactual outcome had exposure taken value a and the mediator
taken the value it would have under treatment a*. The average pure or natural direct effect on the
log-additive scale is then defined for a # a* :

NDE (a,a*) = E{logT(a,M(a*))} — E{logT(a™)}
and the natural indirect effect is defined as
NIFE (a,a*) = E{logT(a)} — E{logT(a,M(a*))}

Equivalently, we could write the above expressions conditioning on a set of confounders, Z. Through-
out, we make the assumption:

A 1L {T(a,m), M(a)} | Z (A1)
and we further suppose that we also have for all a,a* :
T(a,m) L M(a*)|A=a,Z (A2)

Under these assumptions, it follows that NDE (a,a*) and NIE (a,a*) are identified empirically
with?
E{logT(a, M(a"))} = E{logT|a,m, 2} f (mla”,2) f (2)

m,z
Derivation of the indirect effect under an AFT model: Suppose that the following acceler-
ated failure time model holds,

log T = By + oA+ BmM + BL Z + o¢ (A3)

where ¢ is an independent residual of arbitrary distribution and not necessarily mean zero.

Assume that M follows
M=ay+a,A+alZ +¢ (A4)

where ¢ is a mean zero error independent of A and Z. Then,

E{logT(a,M(a"))} = ZE{logT|a7m, z} f (m]a*, z)

m,z

= Bo + Baa + B E(M | a*,2) + BTz + e
= Bo + Baa + Bmao + Bmaga* +alz 4+ Bl 2+ o€



which gives the following result,

(@)} — E{logT(a", M(a"))}

NDE (a,a*) = E {logT(a,
(a, M(a®)) | 2} — E{logT(a”, M(a®)) | Z}

= E{logT(a,
= B, (a—a")

M
M

NIE (a,a*) = E {log T(a, M(a))} — E {log T(a, M(a*))}
— E{log T(a, M(a)) | Z} — E {log T(a, M(a")) | Z}

= Bnaq (a - CL*)

Note that under the AFT model one has the stronger result that at the individual level,

NDE (a,a*) =logT(a,M(a*)) —logT(a*, M(a™))
= Ba(a—a")

NIE (a,a*) =log T(a, M(a)) — log T'(a, M(a*))
= Bmaq (a —a®)

For binary A with a = 1 and a* = 0, the indirect effect product method estimand is 5,,a, and the
natural direct effect is 5,. The expression for the difference method is obtained from (A3) and (A4):

log T = Bo + BaA + BuM + BLZ + ¢
= Bo + BaA + Binlag + agA+ ol Z + &) + oe
= B0 + Bmao + (Ba + Bmaa) A+ (BT + 1) Z + (o€ + Bmé)
=B+ A+ BT Z 47

(A5)

where € follows the distribution given by the convolution of the density of oe with that of 3,,§,
which is independent of A and Z. The total effect is given by 7, and the indirect effect from the
difference method is:

Ta — Ba = ®afBm (Aﬁ)

The difference method estimand is obtained by positing a second accelerated failure time model for
T as a function of A and Z only, which shall be referred to as the reduced form model and would
typically be specified as followed:

logT = B3 + 1aA+ BT Z + ov (A7)

where ¢ is some unknown scale parameter to be estimated. Therefore, when using the difference
method, one must specify the correct distribution of v hoping to match that of £ in (A5) — failure
to do so will result in model mis-specification.

Evaluating consistency of the maximum likelihood estimator for 7, under model mis-
specification and right censoring: Suppose that one mis-specifies the reduced form density of



T given A and Z from model (A7) with the density fr (t| X;a,8,0) = fr(t| X) and survival
function St (¢t | X;a,8,0) = Sr(t| X). Let X = (A, Z1)T, 8 = (1,,8%), and « is the intercept
(B above). We show below that the maximum likelihood estimator of 3, and thus 7,, will be con-
sistent in the absence of censoring. However, in the presence of censoring, the maximum likelihood
estimator will not be consistent. We sketch the proof for the case of right censoring only.

The observed data is min(7, C') and I(T' < C') where T is event time and C' is independent censoring
time. The log likelihood for a single observation is:

logl =1(T <C)log fr (T | X)+ I(T > C)log St (C | X)

We can re-express this in terms of the rescaled residual error term, Ty = Te *P#X = exp(oe),

which has density fo(To | X) = fo(Tp) because the residual error is independent of X,

frt| X) = folte @ PX)ema=BX

We can re-express the log likelihood:

log¢ = I(T < C)log[fo(te > "X )e™*PX] + I(T > C)log So(Ce™*FX)
= I(T < C)log(fo(te" ™)) = (a+ BX)I(T < C) + I(T > C) log(Sp(Ce™™))

The score function of 5, can be expressed as:

Us(B,0) = dCfB (T < O log(fo(te® PX)) — (a + BX)I(T < C) + I(T > C) log(So(Ce X))
i < TN oy o ENCTT
- _XI(T<C) i O(t?j;?_t;;_ﬁx - XI(T'<C)
— _x1T<c)! O(tffoc(yt;?_tng " (T <0)
O (- [ T e
= XI(T<C) i O(tzzji)tgg_ﬁx ~XI(T<C)
stae a0 | A T e M e

where fo(-) is the derivative of fo(-) with respect to its argument.

Let (3,a) denote the limiting value of the MLE, i.e. (d,ﬁ) Lt (8, &) where (&,3) is the MLE.
Then,



([ ) -

Now, we can take the expectation of the score of 5 conditional on C' and X. Note that f;(-)
indicates the true law:

folte” _
BUs(3,0) | €.X] = B| - x1(r < oy xrer < o
I(T > C) (e} fo(te—o?—BX)te—&—BXe—o?—BX + fO(e—o?—BX)e—&—BX _hx
So(Cema=hx )(X/O fo(te—a—8X) folte )dt) | C, X}
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Note that the conditional mean for the score of « is of similar form:

f&fBX)tef&fBX_i_fO( ,@,5)()

C .
E[Ua (B? 5[) ‘ Ca X] = /0 fO( f(’)k (te_o‘_ﬁX)e_a_ﬁth

fo(te=a=BX)
Si(Cema=BX) fo(tem @ BX)pe=a=BX 4 f(e=a-5X) —a-pX\,—a-pX )
+ R </ = folte Je dt

Let p be the mean vector for the vector X. Noting that E[Us(3,a)] = 0 and E[Us(B,a)] =0, we
can write,

E[Us(B,a)] = E[Us(B, @) — pUa(B, )]

B fO —a—BX te_o‘ BX +f0( 5X) e —aBX\ —aBX
= [ / o) fol(te )e dt
S e o ﬁX t —a—BX t —a—BX e—0— BX . o
+ (X — p) % Ce — 5X </ f e foe(te — B;)fO( )fo(teaﬁX)eaﬁth>:|

We will now plug in the true values to assess whether we get an unbiased score equation under



model mis-specification for 8, i.e. E[Ug(8,a)] = 0. Suppose that 3 =3 :

-5|-ax / e ﬁxﬁfé:jx&)f()( _HX)f@*(te*“*f“)e*a*ﬁxdt
—a— ﬁX —a— ,BX —a—pX —a—pX B B
Ce ;
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If there is no right censoring (C' — o0), and for every value of z:

1 (u < C’e*ﬁz) -1
Sy (Ce’o"ﬁx)

—  ~ = O < 1
Sy (Ce—a—Bz)

in which case the expectation evaluates to zero, and the score for § is unbiased. Additionally, if
the model is not mis-specified, so that S§(-) = So(-) and f§(-) = fo(-), then the score for g will also
be unbiased regardless of censoring. Thus, the association of X with T is consistent in the absence
of censoring. However, in the presence of censoring, the above will not necessarily evaluate to zero.
To show this, we consider a special case when X is binary:

I S e = O T ey AT
oo Hee o) B

g fO(ea}géf@g(ea“) S u)edu
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The above expression will generally be nonzero except at exceptional laws, such as when g = 0.
Therefore, in the presence of model mis-specification, censoring, and a non-null effect, the MLE of



7, Will not be consistent.

Evaluating consistency of the maximum likelihood estimator for 7, under model mis-
specification and left truncation: Suppose that one mis-specifies the reduced form density of
T given A and Z from model (A7) with the density fr (t| X;a,8,0) = fr(t| X) and survival
function St (t | X;a,8,0) = Sr(t| X). Let X = (A, Z1)T,8 = (74, 83"), and « is the intercept
(85 above). We show below that the maximum likelihood estimator of 3, and thus 7,, will be con-
sistent in the absence of left truncation. However, in the presence of left truncation, the maximum
likelihood estimate will not be consistent.

Let T be left truncated at V such that we consider T' | T > V assuming that the truncation time
is independent of T" and X, but otherwise follows an unrestricted density. The log likelihood for a
single observation subject to left truncation is:

logl =log fr (T | X)—log Sy (V | X)
We can re-express this in terms of the rescaled residual error term, Ty = Te @ 8% = exp(oe),
which has density fo(To | X) = fo(To) because the residual error term is independent of X, the
following way:
fr(t] X) = folte @ PX)emaPX

We can re-express the log likelihood:

log ¢ = log[fo(te_o‘_ﬁx)e_a_ﬁX] — 10g(SO(V€—Q—BX))
= log[fo(te™* %) = (a + BX) —log(So(Ve X))

The score function of 5 can be expressed as:

Uit 5y = BTN e
L Y (0 SRR
e e / fote=e )t
U ([ A )
xS O(t‘};zt_j_);)_tg;j_ﬁx - X
e e B N (aaal)

where fo is the derivative of fy with respect to its argument.



Let (3,@) denote the limiting value of the MLE, i.e. (&, f) L (B,a) where (&, ) is the MLE.

Then,
Us(B, a)} >
E = =0
(b2iea
Now, we can take the expectation of the score of 8 conditional on X with respect to the density of
T |T > V. Note that f;(-) indicates the true law:

E[Uﬁ(ﬁ,@) | X, V] _ /oo(_X) fO(te_&_BX)t(f_&_ﬁX fg(te_“_ﬁx) e ﬁth+/‘/w(_X)Me—a—ﬁth
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Note that the conditional mean for the score of « is of similar form and satisfies:

1 ) ; —a—pX\t,—a—BX —a—pX
ElUs(B,a) | X, V] = S*(eo‘ﬁX)/ (—X) fol(te );;(te_&_ﬁ'i);)f()(te )fék(te—oz—ﬂX)e—a—/J’th
f a—BX)te—a—BX + fO(e_a_BX) —a-BX\, . —a—BX )
4+ SV ( / =3 fo(te Je dt

Let p be the mean vector for the vector X. Noting that E[UB(B,d)] =0 and E[UQ(B, a)l =0, we
can write,

E[Us(B,a)) = E[Us(B,a) — pUa(B, )]

_ B  folte 7P X)te=a=0X 4 fy(te=a-0X) —a—BX\ —a—BX
=F|—-(X-p) S7 (Ve BX) /V = fi(te Je dt
_ 1  fo(te @ PX )te—a0X 4 f0<67&75X) —a-BX\, ~a—BX ﬂ

(X =)t ( / o folte~3-7X)e=a-AX gy

We will now plug in the true values to assess whether we get an unbiased score equation under
model mis-specification for 3, i.e. E[Ug(ﬁ, a)] = 0. Suppose that 5= :
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If there is no left truncation (V' = 0), and for every value of z:

Iu>Ve ) =T(u>0)=1

1 B fo(e ®u)e @ fole ®u)e @
S Ve e )~ Jilesuwe asy(Ve &) T file e e

in which case the expectation evaluates to zero, and the score for 8 is unbiased. Additionally, if
the model is not mis-specified, so that S§(-) = So(-) and f§(-) = fo(+), then the score for g will also
be unbiased. Thus, the association of X with 7T is consistent in the absence of censoring. However,
in the presence of left truncation, the above will not necessarily evaluate to zero. To show this, we
consider a special case when X is binary:
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The above expression will generally be nonzero except at exceptional laws, such as when 8 = 0.
Therefore, in the presence of model mis-specification, censoring, and a non-null effect, the MLE of
7, Will not be consistent.

An issue with equivalence of the product and difference method indirect effect under
a AFT model with a Weibull outcome, no censoring: Consider model (A3) and (A4), where
¢ follows an extreme value distribution and £ is normally distributed. Then the implied reduced
form model is given by:

logT = Bo + BaA + BuM + BT Z + o¢
= Bo + BaA + Bl + agA+ ol Z¢) + BT Z + o¢
= Bo + Bimao + (Ba + Bnca) A+ (a + B7)Z + (o€ + fmé)
=B+ T A+ BT Z+E

(A10)

where 85 = Bmao + Bo, BT = ol + BT, €= Bué + 0 and 7, = aafm + Ba. The above model is an
AFT model since € is independent of A and C' which follows from (§,¢) independent of A and C.
However, the reduced-form density of logT given A and C is of a complicated form given by the
convolution of a normal density with an extreme value density: fz(-) = [. B% fe(552)g(e)de, where
g(e) is the extreme value density and (3, # 0. Thus, € will not have an extreme value distribution,
so that the reduced form model is mis-specified if an extreme value density is assumed for fz. As
we showed in the previous section, in the presence of censoring, the estimator of 7, will therefore
fail to be consistent; thus, the difference method indirect effect estimator will not be consistent for
the indirect effect. However, according to our results, in the absence of censoring, the difference
method estimator will be consistent for the indirect effect.

Equivalence of the product and difference method indirect effect under a AFT model
with a log-normal outcome: In contrast, if ¢ and £ are both normal, the reduced-form density of
log T given A and C is of correct form because the convolution of two independent normal densities

e %du



Figure Al: Simulation Study, Product vs. Difference Method for the Indirect Effect
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will also be a normal density. Due to this, the reduced form model (A7) will be correctly specified,
so the estimator of 7, will be consistent. Thus, the difference method, 7, — 8, will be a consistent
estimator for the indirect effect.

Monte Carlo variance for indirect effect estimates in the simulation study:
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R Code for direct and indirect effect estimates from data application:

##Calculate indirect and direct effect estimates:
#normally distributed time to event outcome
#normally distributed mediator
#no interaction between exposure and mediator
#interval and right censoring

#exp is the exposure variable (A in the paper)

#med is the mediator variable (M in the paper)

#timel is the left interval

#time2 is the right interval; NA for right censored data
#covl,..,covb are the potential confounders

#choose the correct library in R
library(survival)

#full model
full.model <- survreg(Surv(timel,time2,type=c(’interval2’)) ~ exp + med + covl + cov2 +
cov3 + cov4d + covb, dist="gaussian")

#reduced model
exp.model <- survreg(Surv(timel,time2,type=c(’interval2’)) ~ exp + covl + cov2 + cov3
covd + covb, dist="gaussian")

#mediator model
med.model <- 1lm(med ~ exp + covl + cov2 + cov3 + cov4d + covb)

#Calculating direct and indirect effects

nde <- full.model$coefficients[2]

nie.prod <- med.model$coefficients[2]*full.model$coefficients[3]
nie.diff <- exp.model$coefficients[2]-full.model$coefficients[2]

#Calculating standard errors for the indirect (product) and direct effect estimates

se_nde <- sqrt(full.model$var([2,2])

se_nie.prod <- sqrt((med.model$coefficients[2]"2)*full.model$var[3,3] +
(full.model$coefficients[3] "2)*summary(med.model)$cov[2,2])

HHHFHH B HAFH R B H A H R R RS

##Calculate indirect and direct effect estimates:
#Weibull distributed time to event outcome
#normally distributed mediator
#no interaction between exposure and mediator
#right censoring

#exp is the exposure variable (A in the paper)
#med is the mediator variable (M in the paper)
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#outcome is the time of event or censoring
#censor is a binary variable indicating censoring
#covl,..,cov3 are the potential confounders

#full model
full.model <- survreg(Surv(outcome, censor)
dist="weibull")

exp + med + covl + cov2 + cov3,

#reduced model -- Recall the total effect is biased!
exp.model <- survreg(Surv(outcome, censor) ~ exp + covl + cov2 + cov3, dist="weibull")

#mediator model
med.model <- lm(med ~ exp + covl + cov2 + cov3)

#Calculating direct and indirect effects

nde <- full.model$coefficients[2]

nie.prod <- med.model$coefficients[2]*full.model$coefficients[3]

nie.diff <- exp.model$coefficients[2]-full.model$coefficients[2] #this is biased!

#Calculating standard errors for the indirect (product) and direct effect estimates
se_nde <- sqrt(full.model$var[2,2])

se_nie.prod <- sqrt((med.model$coefficients[2]~2)*full.model$var[3,3] +
(full.model$coefficients[3]"2)*summary (med.model) $cov[2,2])

##### NOTES ####+#

#The nie.diff estimator under the Weibull model will be biased in the presence of censoring
#To calculate the standard errors for the indirect effect (difference), use the boostrap
#Bootstrap code available upon request

12



